FUNCTIONAL CALCULUS AND SPECTRAL ASYMPTOTICS FOR 
HYPOELLIPTIC OPERATORS ON HEISENBERG MANIFOLDS. I. 



RAPHAEL PONGE 

Abstract. This paper is part of a series papers devoted to geometric and spectral theoretic ap- 
plications of the hypoelliptic calculus on Heisenberg manifolds. More specifically, in this paper we 
make use of the Heisenberg calculus of Beals-Greiner and Taylor to analyze the spectral theory of 
hypoelliptic operators on Heisenberg manifolds. The main results of this paper include: (i) Ob- 
taining complex powers of hypoelliptic operators as holomorphic families of ^'j/DO's, which can 
be used to define a scale of weighted Sobolev spaces interpolating the weighted Sobolev spaces of 
FoUand-Stein and providing us with sharp regularity estimates for hypoelliptic operators on Heisen- 
berg manifolds; (ii) Criterions on the principal symbol of P to invert the heat operator P + dt and 
to derive the small time heat kernel asymptotics for P; (iii) Weyl asymptotics for hypoelliptic oper- 
ators which can be reformulated geometrically for the main geometric operators on CR and contact 
manifolds, that is, the Kohn Laplacian, the horizontal sublaplacian and its conformal powers, as 
well as the contact Laplacian. For dealing we cannot make use of the standard approach of Seeley, 
so we rely on a new approach based on the pseudodifferential approach representation of the heat 
kernel. This is especially suitable for dealing with positive hypoelliptic operators. We will deal with 
more general operator in a forthcoming paper using another new approach. The results of this pa- 
per will be used in another forthcoming paper dealing with an analogue for the Heisenberg calculus 
of the noncommutative geometry which, in particular, will allow us to make use in the Heisenberg 
setting of Connes' noncommutative geometry, including the operator theoretic framework for the 
local index formula of Connes-Moscovici. 



1. Introduction 

This paper is part of a series papers devoted to geometric and spectral theoretic apphcations 
of the hypoelhptic calculus on Heisenberg manifolds. Recall that a Heisenberg manifold (M, H) 
consists of a manifold M together with a distinguished hyperplane bundle H C TM. This definition 
covers many examples: Heisenberg group and its quotients by cocompact lattices, (codimension 1) 
foliations, CR and contact manifolds and the confolations of [ET, . 

The name Heisenberg manifold comes from the fact that the relevant tangent structure for a 
Heisenberg manifold (M, H) is rather that of a bundle GM of two-step nilpotent Lie groups, whose 
Lie group structure is encoded by an intrinsic Levi form C : H x H ^ TM/H (see |BGj . |Bej . 

|EMMj . lEHU, [niol, lEoSl, IEqI). 

In this context the most natural operators include Hormander's sum of squares, the Kohn Lapla- 
cian, the horizontal sublaplacian and its conformal powers, as well as the contact Laplacian (see 
Section 121 and the references therein for an overview of these operators). Although these opera- 
tors may be hypoelliptic, they are definitely not elliptic. Therefore, the classical pseudodifferential 
calculus cannot be used efficiently to study these operators. 

The relevant substitute to the standard pseudodifferential calculus is provided by the Heisenberg 
calculus of Beals-Greiner HHI and Taylor Tay. (see also [bS|, [(X^GFj . \D^, |D^, |EMMj . 



|FSlj . |RSt j ) . The idea in the Heisenberg calculus, which goes back to Elias Stein, is the following. 
Since the relevant notion of tangent structure for a Heisenberg manifold (M, H) is that of a bundle 
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GM of 2-step nilpotent graded Lie groups, it stands for reason to construct a pseudodifferential 
calculus which at every point x G M is well modelled by the calculus of convolution operators on 
the nilpotent tangent group G^M. 

The result is a class of pseudodifferential operators, the ^//DO's, which are locally ^'DO's of 
type (^,^), but unlike the latter possess a full symbolic calculus and makes sense on a general 
Heisenberg manifold. In particular, a ^'i^DO admits a parametrix in the Heisenberg calculus if, 
and only if, its principal symbol is invertible, and then the ^'//DO is hypoelliptic with a loss of 
derivatives controlled by its order (see Section |1] for a more detailed overview of the Heisenberg 
calculus). 

In |Po6j a tangent groupoid has been associated to any Heisenberg manifold (M, H) as the 
differentiable groupoid encoding a smooth deformation of M x M (see also |Vaj ) . This is the 
analogue for Heisenberg manifolds of Connes' tangent groupoid of a manifold which plays a pivotal 
role in his proof in [Coj of the index theorem of Atiyah-Singer |ASj . The results of |Po6j have been 
used subsequently in _Po8] to give an intrinsic definition of the principal symbol for the Heisenberg 



calculus, which was not done in |B(Tj or in Tay 



In this paper, and its sequel |Poinj . we make use of the Heisenberg calculus to analyze the 
spectral theory of hypoelliptic operators on Heisenberg manifolds. The main results of this paper 
include: 

- Obtaining complex powers of hypoelliptic operators as holomorphic families of ^'//DO's, which 
can be used to define a scale of Wfj, s E M, of weighted Sobolev spaces interpolating the weighted 
Sobolev spaces of Folland-Stein and providing us with sharp estimates for 'I'/fDO's. 

- Criteria on the principal symbol of P to invert the heat operator P + dt and to derive the small 
time heat kernel asymptotics for P. 

- Weyl asymptotics for hypoelliptic operators which can be reformulated geometrically for the 
main geometric operators on CR and contact manifolds, that is, the Kohn Laplacian, the horizontal 
sublaplacian and its conformal powers, as well as the contact Laplacian. 

These results will be important ingredients in |Pollj to construct an analogue for the Heisen- 
berg calculus of the noncommutative residue trace of Wodzicki ( jWolj . jWo2j ) and Guillemin Kxulj 
and to study the zeta and eta functions of hypoelliptic operators. In turn this has several geo- 
metric consequences. In particular, this allows us to make use of the framework of Connes' non- 
commutative geometry, including the operator theoretic framework for the local index formula of 
Connes- Moscovici |('Mj . 

Let us also mention that the lack of microlocality of the Heisenberg calculus does not allow us 
to carry out in the Heisenberg setting the standard approach of Seeley iSsj (see also |Shj . [(xruj ) 
to complex powers of elliptic operators. Instead, we rely on a new approach, based on the pseu- 
dodifferential representation of the heat in |BGSj , which is quite suitable for dealing with positive 
differential operators. A similar approach has also been used by Mathai-Melrose-Singer 
and Melrose |Me3j in the context of projective pseudodifferential operators on Azamaya bundles. 
In |PolOj we will use another approach to deal with ^'^fDO's which are not positive differential 
operators. 



1.1. Holomorphic families of ^'//DO's. Prior to dealing with complex powers of hypoelliptic 
operators we define holomorphic families of ^'f/DO's and check their main properties. 

In a local Heisenberg chart U C the definition of a holomorphic family of ^//DO's 

parametrized by an open C C is similar to that of the standard definition of a holomorphic 
family of ^-DO's in Wol, 7.14] and |Du2, p. 189] (see also [Hj). In particular, we allow the order 
of the family of ^'DO's to vary analytically. Several properties of ^'jjDO's on U extend mutatis 
standis to the setting of holomorphic families of ^/fDO's. In particular, concerning the product of 
^'//DO's we have: 
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Proposition 1.1. For j = 1,2 let {Pj^z)zen C ^*fj{M,£) be a holomorphic family of ^ hDO's and 
supposed that {Pi^z)zen or {P2,z)z£n is uniformly properly supported with respect to z. Then the 
family of products {Pi,zP2,z)z£n is a holomorphic family of ^hDO's. 

There is, however, a difficulty when trying to extend the definition to arbitrary Heisenberg 
manifolds. More precisely, the proof of the invariance of the Heisenberg calculus by Heisenberg 
diffeomorphisms relies on a characterization of the distribution kernels of ^'//DO's by means of a 
suitable class of kernels }C*{U x M°'+^) = UmecK^"'{U x M^+i) C V'{U x M'^+i). Each distribution 
K G /C™'(C/ X M'^+^) admits an asymptotic expansion in the sense of distributions. 



where }Ci{U x M"'^^) consists of kernels which are smooth for y 7^ and homogeneous of degree I if 
I ^ Z and homogeneous of degree I up to logarithmic terms otherwise. In particular, the definition 
of }Ci{U X M'^+i) depends upon whether I is an integer or in not, which causes trouble for defining 
holomorphic families of kernels in 1C*{U x M'^"'"^) whose order may take integer values. 

We resolve this issue by giving an alternative description of the class 1C*{U x M'^"'"^) in terms of 
what we call almost homogeneous kernels, as they are homogenous modulo smooth terms and, under 
the Fourier transform, they correspond to the almost homogeneous symbols considered in |B(Tj . 

Since the definition of an almost homogeneous symbol of degree I does not depend on whether I is 
an integer or not, there is no trouble anymore to define holomorphic families of almost homogeneous 
kernels. Therefore, we can make use of the characterization of JC*{U x M'^+^) in terms of almost 
homogenous kernels to define holomorphic families with values in K,*{U x (see Definition 15. 241 

for the precise definition). 

We show that the distribution of kernel holomorphic families of ^'//DO's can be characterized 
in terms of holomorphic families with values in 1C*{U x R'^"'"^). As a consequence we can extend to 
the setting of holomorphic families of ^'//DO's the arguments in the proof in [BCirj and |Po8j of the 
invariance by Heisenberg diffeomorphisms of the Heisenberg calculus, so that we get: 

Proposition 1.2. Let (f) : U U be a change of Heisenberg chart and let {Pzen)zefi ^6 a holo- 
morphic family of ^hDO's on U. Then the family {Pz)zen '■= i4>*Pz)zen is a holomorphic family 
of^iuDO's on U. 

This allows us to define holomorphic families of ^jjDO's on a general Heisenberg manifold 
(M, H) and acting on the sections of a vector bundle on £. In this setting the main properties of 
holomorphic families of ^'//DO's are summarized below. 

Proposition 1.3. Let {Pz)z€n C ^'|^(M, <S) be a holomorphic family of hDO's. Then: 

1) The family of principal symbols {(T*{Pz))zeVi belongs to Hol(J7, C°°(0*M \ 0, End f)). 

2) The family of transpose operators {P^)zen C ^^{M,£*) is a holomorphic family of ^ hDO's. 

3) The family of adjoints {P*)z£n is an anti-holomorphic family of ^ hDO's, that is, {P2)zen is 
a holomorphic family of ^ hDO's. 

Finally, let us mention that the almost homogeneous approach to the Heisenberg calculus will 
have further applications in jPolOj for constructing a class of ^'/^DO's with parameter containing 
the resolvents of hypoelliptic ^'j^DO's (see also IP0T2I). 

1.2. Complex powers of hypoelliptic operators. One the main aims of this paper is to realize 
complex powers of hypoelliptic operators as holomorphic families of ^'//DO's. As alluded to above 
we cannot carry out the standard approach of Seeley |Se in the Heisenberg setting. Therefore, we 
have to rely on another approach based on the pseudodifferential representation of the heat kernel 
of [BClSj . This is quite suitable for dealing differential operators, which is enough to cover may 
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examples. The general case will be dealt with in |PolOj using a different approach using a new kind 
of pseudodifferential representation of the resolvent. 

Let P : C°°{M,£) — > C°°{M,£) be a hypoelliptic selfadjoint differential operator and assume 
that P is bounded from below. It is well known the heat semigroup e~^^, t > 0, allows us to invert 
the heat operator P + dt- Conversely, constructing a suitable pseudodifferential calculus nesting 
parametrices for P + dt allows us to give a pseudodifferential representation for the heat kernel of 
P. 

In the elliptic setting the relevant pseudodifferential calculus is the Volterra calculus of Greiner \Qve\ 
and Piriou ^ij . The latter is only a simple modification of the classical pseudodifferential calculus 
in order to take into account the parabolicity and the Volterra property with respect to the time 
variable of the heat equation. Moreover, this approach holds in fairly greater generality and has 
many applications (UnSl, lESH, [ESSj, jEII, |Kr2l, |KH], [M^ . |Ej, [PH4], [RVTj l. 

The Greiner's approach has been extended to the Heisenberg calculus in IBCirSj . mostly with 
the purpose of deriving the small time heat kernel asymptotics for the Kohn Laplacian on CR 
manifolds. In particular, a class of Volterra \I'j7D0's is obtained that contains parametrices for 
the heat operator P + dt- As a consequence, once the principal symbol oi P + dt is an invertible 
Volterra-Heisenberg symbol, the inverse of P + 9 is a Volterra-^//DO which, in turn, yields a 
pseudodifferential representation of the heat kernel of P. 

Assume now that P is positive. Thanks to the spectral theorem we can define the complex power 
of P*, s G C, as an unbounded operator on L?'{M,£) which is bounded for JRs < 0. Moreover, for 
5Rs < the Mellin formula holds, 

(1.2) P' = T{s)-^ t^(l_no(P))e-*^-, 

JO ^ 

where I\.q{P) denotes the orthogonal projection onto the kernel of P. Combining this formula with 
the pseudodifferential representation of the heat kernel of P allows us to prove: 

Theorem 1.4. Let P : C°°{M,£) — > C°°{M,£) be a positive differential operator of Heisenberg 
order m such that the principal symbol of the heat operator P+dt is an invertible Volterra-Heisenberg 
symbol. Then the family {P^)s(zc of the complex powers of P, defined by functional calculus on 
L'^{M,£), is a holomorphic 1-parameter group of ^ hDO's such that ordP'^ = ms for any s G C. 

In [BHS] it was shown that for a selfadjoint sublaplacian A : C°°(M,.?) C°°{M,£) the 
principal symbol of A + 5t is invertible under a condition closely related to the Rockland condition 
and the invertibility of the principal symbol of A (see |BGSL 5.23] and Section Therefore, in 
the case of a sublaplacian we get: 

Theorem 1.5. Let A : C°°{M,£) C°°{M,£) be a positive sublaplacian satisfying the condition 
of BGS. 5.23]. Then the family (A*)sgc of the complex powers of A is a holomorphic 1-parameter 
group of ^ hDO's such that ordA'' = 2s for any s G C. 

This theorem holds for the following kinds of sublaplacians: 

(a) A selfadjoint sum of squares '^*x^^ Xi + . . . + ^Xm^x^i where the vector fields Xi, . . . , 
linearly span H and V is a connection on £, provided that the Levi form of (M, H) is nonvanishing; 

(b) The Kohn Laplacian on a CR manifold acting on (p, g)-forms under condition Y{q). 

(c) The horizontal Laplacian on a Heisenberg manifold acting on horizontal forms of degree k 
under condition X{k). 

For more general operators we show that, provided that the Levi form of {M,H) has constant 
rank, the Rockland condition for P is enough to deal with invertibility of the principal symbol of 
P + dt (see Theorem 11.111 below) . This allows us to get: 
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Theorem 1.6. Suppose that the Levi form of {M,H) has constant rank and let P : C°°{M,£) 
C°°(M, £) be a positive differential operator of Heisenherg order m such that P satisfies the Rockland 
condition at every point. Then the family {P'^)s£c of the complex powers of P is a holomorphic 
1-parameter group of ^hDO's such that ordP'^ = ms for any s £ C 

In particular, Theorem 11.61 is vahd for the contact Laplacian on a contact manifold. In this 
context this allows us to fill a technical gap in the proof of by Julg-Kasparov |JKj of the Baum- 
Connes conjecture for SU{n, 1) (see [Po9]). 

Finally, let us mention that a similar approaches to complex powers of (hypo)elliptic operators 
have been used by Mathai-Melrose-Singer |MMSj and Melrose |Me3j in the context of projective 
pseudodifferential operators on Azamaya bundles. 

1.3. Weighted Sobolev spaces. Assuming that the Levi form of {M,H) is nowhere vanishing, 
we can construct a scale Wfj{M), s E M, of weighted Sobolev spaces obtained as follows. 

Let Xi, . . . ,Xm be vectors fields spanning H and let Ax = ^i^i + . . . + Xj^X^- Then by 
Theorem II . 51 the complex powers (1 + AxY gives rise to a 1-parameter group of ^'/^DO's. We then 
define Wfj{M) as the Hilbert space consisting of distributions u £ V^M) such that (1 + Ax)^u G 
L'^{M) together with the Hilbertian norm, 

(1.3) IIuIIh/^ = ||(l + Ax)5n||i2, u£Wfj{M). 

Neither the underlying space of Wfj{M), s € M, nor its topology depend on the choice of the 
vector fields Xi,...,^^ (Proposition [721) • Moreover, these weighted Sobolev spaces are nicely 
related to the standard Sobolev spaces Ll{M) and to the weighted Sobolev spaces of Folland- 
Stein |FSlj . as we have: 

Proposition 1.7. 1) For k = 1,2,... the weighted Sobolev spaces M^^(M) and S'^{M) agree as 
spaces and bear the same topology. 

2) For s G M the following continuous embedding hold: 

Ll{M) ^Wf,{M)^Ll (M) ifs>0, 
^^■^> Lli^{M) ^WIj{M)^LI{M) ifs<0. 

We can similarly define weighted Sobolev spaces Wfj{M,£) of distributional sections of £ and 
the embedding ()1.4() hold verbatim in this setting. In addition, we can localize the Sobolev spaces 
W^{M,£), that is, we can speak about distributional sections which are near a point (see 
Definition 17. lUI and Lemma l7.11|) . 

The main interest of the weighted Sobolev spaces W^{M,£), s G M, with respect to the standard 
Sobolev spaces is that they allow us to get sharper regularity estimates for ^'//DO's, for we have: 

Proposition 1.8. Let P £ ^'g{M,£), set k = ^m and let s G M. 

1 ) The operator P extends to a continuous linear mapping from W^^''{M,£) to Wlj{M,£). 

2) Assume that the principal symbol of P is invertible. Then, for any u G T>'{M,£) and any 
Xq G M , we have 

(1.5) Pu£WIj{M,£) ^u£W'+^{M,£), 

(1.6) Pu is Wfj near xq u is near xq. 
In fact, for any s' G M we have the estimate, 

(1.7) \\u\\wi+^ < CsAWPuWwf^ + llnll^^O, n G WI+\M,£). 

We can also obtain a version of Proposition 11.81 for holomorphic families and complex powers of 
hypoelliptic operators as follows. 
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Proposition 1.9. 1) Let Q C C be open and let {Pz)zen £ Hol{Q,^'^{M,£)). Assume there exists 
a real m such that JRordPz < m < oo. Then for any s G M the family {Pz)z&Q. defines a holomorphic 
family with values in C{W^+"'{M,£),Wfj{M,£)). 

2) Let P : C°°{M,£) C°°{M,£) be a positive differential operator of Heisenberg order m such 
that the principal symbol of P + dt is an invertible Volterra- Heisenberg symbol. Then, for any reals 
a and s, the complex powers of P satisfy 

(1.8) {P'hz<a e Hol(3f?z < a,/:{W^^""'iM,£),W!jiM,£))). 

1.4. Rockland condition and the heat equation. Since Theorem 11.41 and the main resuhs 
of |BGSj hold under the condition that the principal symbol of the heat operator P + dt is an 
invertible Volterra-Heisenberg symbol, it stands to reason to find criterions for the invertibility of 
the latter. We show here that, to a large extent, the Rockland condition and the positivity of the 
principal symbol of P are enough to imply the invertibility of the principal symbol oi P -\- dt- In 
particular, the results results of jBGSj and Theorem ll.Sl are valid for a very wide class of hypoelliptic 
operators. 

Here we say that a homogeneous symbol pm of degree m is positive if it can be put into the 
form Ifm * qm for some symbol qi!i homogeneous of degree y . It may be difficult in practice to 
check whether an operator has a positive principal symbol only by looking at this principal symbol. 
Nevertheless, for hypoelliptic operators we have: 

Proposition 1.10. Assume that the Levi form of{M, H) has constant rank and let P : C°°(M, £) — > 
C°°{M,£) be a self adjoint differential operator of even Heisenberg order m with an invertible prin- 
cipal symbol. Then the following are equivalent: 

(i) The operator P is bounded from below. 

(a) The principal symbol a^iP) of P is positive. 
In particular, for any lower order selfadjoint perturbation R the operator P + R remains bounded 
from below. 

Next, we prove: 

Theorem 1.11. Assume that the Levi form of (M,H) has constant rank and let P : C^{M,£) — > 
C°°{M,£) be a selfadjoint differential operator of even Heisenberg order m which is bounded from 
below and satisfies the Rockland condition at every point. Then: 

1 ) The principal symbol of P + dt is an invertible Volterra-Heisenberg symbol. 

2) The heat operator P + dt admits a Volterra-^ hDO inverse; 

3) The heat kernel kt{x,y) of P has an asymptotics in C°°{M, (End£) (8) |A|(M)) of the form 

(1.9) kt{x,x) ~i_o+ 2^t-a,(P)(x), 

where the density aj{P){x) is locally computable in terms of the symbol q-m-2j{x,i,T) of degree 
—m — 2j of any Volterra-^ h DO parametrix for P + dt- 

Notice that we only have to is to prove the first statement since the results of |BGSj allows us to 
deduce the last two statements from the first one. This is done by making use of Theorem 11.41 and 
of results of Christ-Geller-Glowacki-Polin |GGGPj and Folland-Stein |FH2] for Rockland operators 
on nilpotent graded Lie groups. 

The above theorem is valid for the following operators: 

(a) The conformal powers □g'^^ of the (scalar) Tanaka Laplacian acting on functions on a strictly 
pseudoconvex CR manifold; 

(b) The contact Laplacian on a contact manifold. 
These examples are not covered by the results of |B(tS) . 
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On the other hand, if A is a sublaplacian then, when the Levi form of (M, H) is nondegenerate, 
it is shown in 'BG' that the invertibihty of the principal symbol of A is equivalent to the Rockland 
condition, but is weaker than the condition considered in BGS, 5.23] (see BG. 18.4] and Section|3 
for the precise statement of the condition). Anyway, using Theorem II . 1 II we get: 

Theorem 1.12. Assume that the Levi form of {M,H) is nondegenerate and let A : C°°{M,£) 
C°°{M,£) be a selfadjoint sublaplacian which is bounded from below and satisfies the weaker condi- 
tion of |BGl 18.4]. Then the conclusions of Theorem M . 1 1\ are valid for A + 9j and the heat kernel 
of A. 

1.5. Spectral asymptotics for hypoelliptic operators. One interesting application of the heat 
kernel asymptotics in [BCirSj and in (|1.9|) is to allows us to derive spectral asymptotics for hypoel- 
liptic operators as follows. 

Let P : C°°{M,£) — > C°°{M,£) be a selfadjoint differential operator of Heisenberg order m 
which is bounded from below and such that the principal symbol of P + dt is an invertible Volterra- 
Heisenberg symbol. 

Let Ao(-P) < Ai(P) < . . . denote the eigenvalues of P counted with multiplicity and let N(P; A) 
denote its counting function, that is, 

(1.10) N{P; A) = #{k E N; Afc(P) < A}, A > 0. 
Then we prove: 

Theorem 1.13. Under the above assumptions the following hold. 

1) As i — > 0+ we have 

(1.11) Tre-*^~t-^ Vt^^,(P), MP)= [ tveaj{P){x). 

JM 

where the density aj{P){x) is the coefficient of t^~^ in the asymptotics \8.in\) . 

2) We have Aq{P) > 0. 

2) As X ^ oo we have 

(1.12) N{P; A) ~ MP)^"^, MP) = r(l + ^r'AoiP). 

m 

3) As k ^ CO we have 

The first asymptotics is an immediate consequence of (|1.9p . Moreover, once proved that we 
have Aq{P) > the asymptotics H1.12() and H1.13() follows from ()1.11|) and Karamata's Tauberian 
theorem. The bulk of the proof is thus to prove the second assertion, which is obtained by making 
use of spectral theoretic arguments. 

By relying on other pseudo differential calculi several authors have obtained Weyl asymptotics 
closely related to ()1.12() in the more general setting of hypoelliptic with multicharacteristics (see 
P, [AfeT] . IMS], iMolj, |MQ2j). 

As far as the Heisenberg setting is concerned, the approach using the Volterra-Heisenberg calculus 
has two main advantages. 

First, the pseudodifferential analysis is significantly simpler. In particular, the Volterra-Heisenberg 
calculus yields for free the heat kernel asymptotics once the principal symbol of the heat operator 
is shown to be invertible, for which it is enough to use the Rockland condition in many cases. 

Second, as the Volterra-Heisenberg calculus take fully into account the underlying Heisenberg ge- 
ometry of the manifold and is invariant by change of Heisenberg coordinates, we can very effectively 
deal with operators admitting normal forms (see Proposition 19.41 on this point). In particular, as 
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explained below, we can reformulate in geometric terms the Weyl asymptotics (jl.l'ij) for the main 
geometric operators on CR and contact manifolds. 



1.6. Weyl asymptotics and CR geometry. Let M^"+^ be a compact K-strictly pseudoconvex 
CR manifold, together with a pseudohermitian contact form 9, that is, a contact form such that the 
associated Levi form has signature (n — k, k, 0). We also endow M with a Levi metric compatible 
with 6. Then the volume of M with respect to this Levi metric is independent of the choice of the 
Levi form and is equal to 

(1.14) YoleM = ^^^[ ^Adr. 

We call vole M the pseudohermitian volume of {M,0). We can relate the Weyl asymptotics H1.12() 
for the Kohn Laplacian and the horizontal sublaplacian to volg M as follows. 
First, for fi £ {—n,n) we let 

poo c 

(1.15) ^.(m) = (2^)-("+i) / e-'^«°(-^)"deo. 



^ sinh ^0 

Second, in the case of the Kohn Laplacian we obtain: 

Theorem 1.14. Let : C°°(M,A*'*) C^ijvl.k*^*) denote the Kohn Laplacian associated to 
the Levi metric on M . Then, for p,q = 0, . . . ,n with q ^ k and q ^ n — k, as A —> oo we have 



n+l 



(1-16) ^(DfclAP,. ; ^) ~ «n.pg(vole M)X 

(1.17) a..,,=^(;;) E Cr)C-fc)^(^-^('^-^+^^))- 

max(0,g— K)<fc<min{g,n— k) 

In the strictly pseudoconvex case, i.e. k = 0, the result is an easy consequence of jBGSI 
Thm. 8.31], but in the case k>1 this seems to be new. 

Next, in the CR setting the horizontal sublaplacian preserves the bidegree and, in the same way 
as with the Kohn Laplacian, we get: 

Theorem 1.15. Let A;, he the horizontal sublaplacian associated to the Levi metric on M . Then 
for p,q = 0, . . . ,n, with {p, q) ^ {n^n — k) and {p, q) ^ {n — k,k), as A —> oo we have 



n+l 



(1.18) A^(Af,u,,, ; A) ~ /3„pg(vole M)A 

(1.19) E ("-)( ;:^)(";'')(^^).p„-p)+4„-*,). 

max(0,p— K)<Z<min(p,n— k) 

Finally, as the Weyl asymptotics ()1.12|) depends only on the principal symbol of the operator 
P, in the strictly pseudoconvex case, i.e. k = 0, we can also deal with the conformal powers of the 
horizontal Laplacian. 

Theorem 1.16. Assume that (M^"^^,^) is a strictly pseudoconvex pseudohermitian manifold and 
for k = 1, . . . ,n + \ let Qg^^ : C°°(M) — > C°°(M) be a k 'th conformal power of Af, associated to 6. 
Then as A —> oo we have 

(1.20) A^(Q^''^;A) ~ i/(0)(vole M)A'^^. 
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1.7. Weyl asymptotics and contact geometry. Let (M^"^"*"^, 0) be a compact orientable contact 
manifold. We assume that the Heisenberg bundle H = ker0 has a cahbrated almost complex 
structure J so that dO{X, JX) = -d9{JX,X) > for any section X of H\0. We then endow M 
with the Riemannian metric gg = d9{., J.) + 9'^. The volume of M with respect to gg depends only 
on 9 and is equal to: 

(1.21) vohM = A / d9'' Ai 



We call vole M the contact volume of M. 

We can relate the Weyl asymptotics for the horizontal sublaplacian to the contact volume to get: 

Theorem 1.17. Let : C°°(M, A^i7*) C°°{M,K*^H*) be the horizontal sublaplacian associ- 
ated to the metric gg. Then, for k = 0, . . . ,2n with k ^ n, as X ^ oo we have 

(1.22) iV(A,| ;A)~7nfc(vol,M)A"+\ 7,^ = 2-"^ h)h)^(p-q). 

Note that when (M, 9) is a strictly pseudoconvex pseudohermitian manifold the asymptotics p.22p 
is compatible with (|1.18|) because the contact volume differs from the pseudohermitian volume by 
a factor of 2"". 

Finally, we can also deal with the contact Laplacian as follows. 

Theorem 1.18. Let Ar : C°°{M,A* © A'^) C°°(M, A* © A'^) be the contact Laplacian on M. 

1 ) For k = 0, . . . ,2n with k ^ n there exists a universal constant Vnk > depending only on n 
and k such that as X ^ 00 we have 

(1.23) N{Ar\^^) ~ zy„fc(voleM)A"+^ 

2) For j = 1,2 there exists a universal constant > depending only on n and j such that as 
X ^ 00 we have 

(1.24) N{An\^J ~ ^.(^■)(voleM)A'^. 

1.8. Organization of the paper. The paper is organized as follows. We start by reviewing 
the background needed in this paper. In Section ^ we recall the main definitions and examples 
concerning Heisenberg manifolds and their tangent Lie group bundles following the point of view 
of |Po6j . In Section we recall the definitions of main operators on Heisenberg manifolds: sum 
of squares, Kohn Laplacian, horizontal sublaplacian and its conformal powers and the contact 
Laplacian. In Section |1] we give a detailed overview of the Heisenberg calculus of |BGj and 
following closely the expositions of |BGj and iPoSj . 



In Section [21 we define holomorphic families of \I'hL)0's and check their main properties. In 
Section|21 after having recalled the pseudo differential representation of the heat kernel of 'BGS , we 
make use of the latter to construct complex powers of positive hypoelliptic operators as holomorphic 
families of ^j^DO's. In Section [7| we define the weighted Sobolev spaces Wh{M,£) and show that 
they give sharp regularity results for ^'ji/DO's. In Section |H1 we show that if P is selfadjoint 
differential operator bounded from below, then the fact that P satisfies the Rockland condition at 
every point is enough to insure us the invertibility of the principal symbol P + dt- This show 
that the results of [BCtSI and Section El are valid for a wide class of hypoelliptic operators. 

In the last three section we deal with spectral asymptotics for hypoelliptic operators on Heisen- 
berg manifolds. In SectionjHlwe derive general spectral asymptotics for such operators on a general 
Heisenberg manifold. We specialize them in Section EH to the Kohn Laplacian and the horizontal 
sublaplacian and its conformal powers on a CR manifold. Finally, in Section ^2 look at these 
asymptotics in the special cases of the horizontal sublaplacian and of the contact Laplacian on a 
contact manifold. 
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2. Heisenberg manifolds and their tangent Lie group bundles 

In this section we recall the main facts about Heisenberg manifolds and their tangent Lie group 
bundle. The exposition here follows closely that of |Po6j . 



Definition 2.1. 1) A Heisenberg manifold is a smooth manifold M equipped with a distinguished 
hyperplane bundle H C TM . 

2) A Heisenberg diffeomorphism (p from a Heisenberg manifold {M,H) onto another Heisenberg 
manifold {M, H') is a diffeomorphism (j) : M ^ M' such that (j)*H = H' . 

Definition 2.2. Let {M'^~^^,H) be a Heisenberg manifold. Then: 

1) A (local) H -frame for TM is a (local) frame Xq, Xi, . . . , ofTM so that Xi, . . . , X^ span H . 

2) A local Heisenberg chart is a local chart with a local H -frame ofTM over its domain. 

The main examples of Heisenberg manifolds are the following. 

a) Heisenberg group. The (2n + l)-dimensional Heisenberg group H^"'*'^ is M^"^"'^ = M x M" 
equipped with the group law, 

(2.1) X.y={xo + yo+ ^ {Xn+jyj - Xjyn+j),Xi + yi, . . . ,X2n + y2n)- 

A left-invariant basis for its Lie algebra f)2"+^ is then provided by the vector-fields, 
which for j,k = 1, . . . ,n and k ^ j satisfy the relations, 

(2.3) [Xj,Xn+k] = —'^SjkXo, [Xo,Xj] = [Xj,Xk] = [Xn+j,Xn+k] = 0. 

In particular, the subbundle spanned by the vector fields Xi, . . . , X2n yields a left-invariant Heisen- 
berg structure on EI^"+^. 

b) Foliations. Recall that a (smooth) foliation is a manifold M together with a subbundle 
C TM which is integrable in the Froebenius' sense, i.e. so that [J-', J-] C J-'. Therefore, any 

codimension 1 foliation is a Heisenberg manifold. 

c) Contact manifolds. Opposite to foliations are contact manifolds: a contact structure on a 
manifold M-^""*"^ is given by a global non-vanishing 1-form 6 on M such that dO is non-degenerate 
on H = ker0. In particular, {M,H) is a Heisenberg manifold. In fact, by Darboux's theorem 
any contact manifold (M^"+^,0) is locally contact-diffeomorphic to the Heisenberg group 11^"+^ 
equipped with its standard contact form 9^ = dxo -\- Yl]=ii^jd^n+j — Xn+jdxj). 

d) Confoliations. According to Elyashberg-Thurston |ETj a confoliation structure on an oriented 
manifold M^"^^ is given by a global non-vanishing 1-form 6 on M such that {dO)'^ A 6 > 0. In 
particular, when d9 A9 = (resp. (d^)" A ^ > 0) we are in presence of a foliation (resp. a contact 
structure). In any case the hyperplane bundle H = kei9 defines a Heisenberg structure on M. 



10 



e) CR manifolds. A CR structure on an orientable manifold M^""*"^ is given by a rank n complex 
subbundle Ti^ C T^M which is integrable in Froebenius' sense and such that Ti^ n Tq^i = {0}, 
where Tq^i = Ti^. Equivalently, the subbundle H = 3ft(Ti q © 7o,i) has the structure of a complex 
bundle of (real) dimension 2n. In particular, the pair (M, H) forms a Heisenberg manifold. 

Moreover, since M and H is orientable by means of its complex structure the normal bundle 
TM/H is orientable, hence admits a global nonvanishing section T. Let ^ be a global section of 
T*M/H* such that 0{T) = 1 and 6 annihilates H. Then Kohn's Levi form is the form Lq on Ti^o 
such that, for for sections Z and W of Ti^O) we have 

(2.4) Le{Z, W) = -ide{Z, W) = ie{[Z, W]). 

We say that M is strictly pseudoconvex (resp. nondegenerate, K-strictly pseudoconvex) when 
for some choice of the Levi form Lg is everywhere positive definite (resp. is everywhere non- 
degenerate, has everywhere signature (n — k,h,0)). In particular, when M is nondegenerate the 
1-form ^ is a contact form on M. 

The main example of a CR manifold is that of the (smooth) boundary M = dD of a complex 
domain D C C". In particular, when D is strongly pseudoconvex (or strongly pseudoconcave) then 
M is strictly pseudoconvex. 

2.1. The tangent Lie group bundle. A simple description of the tangent Lie group bundle of a 
Heisenberg manifold {M'^^^,H) is given as follows. 

Lemma 2.3 f |Po6j ). The Lie bracket of vector fields induces on H a 2-form with values in TM/H, 

(2.5) C: H X H — > TM/H, 

so that for any sections X and Y of H near a point a ^ M we have 

(2.6) Ca{X{a),Y{a)) = [X,Y]{a) mod 

Definition 2.4. The 2-form C is called the Levi form of {M,H). 

The Levi form £ allows us to define a bundle qM of graded Lie algebras by endowing [TM / H)®H 
with the smooth fields of Lie Brackets and gradings such that 

(2.7) [XQ + X\YQ + Y']a = Ca{X\Y') and t.{XQ + X') = t^ Xq + tX' t G M, 
for a G M and Xq, Yq in TaM/Ha and X\ Y' in Ha- 

Definition 2.5. The bundle qM is called the tangent Lie algebra bundle of M . 

As we can easily check qM is a bundle of 2-step nilpotent Lie algebras which contains the 
normal bundle TM/H in its center. Therefore, its associated graded Lie group bundle GM can 
be described as follows. As a bundle GM is [TM/H) © H and the exponential map is merely the 
identity. In particular, the grading of GM is as in 1)2. 7|) . Moreover, since qM is 2-step nilpotent 
the Campbell-Hausdorff formula gives 

(2.8) (expA:)(expy) = exp(X + Y + ]^[X,Y]) for sections X, Y of gM. 
From this we deduce that the product on GM is such that 

(2.9) (Xo + X').(lo + X') = Xo + lo + \^^{X\ Y') +X' + Y\ 
for sections Xq, Yq of TM/H and sections X', Y' of H. 

Definition 2.6. The bundle GM is called the tangent Lie group bundle of M . 
In fact, the fibers of GM as classified by the Levi form C as follows. 
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Proposition 2.7 f |Po6j l. 1) Let a G M. Then Ca has rank 2n if, and only if, as a graded Lie 
group GaM is isomorphic to H^""'"^ x M*^"^". 

2) The Levi form C has constant rank 2n if, and only if, GM is a fiber bundle with typical fiber 

Now, let (p : {M,H) {M',H') be a Heisenberg diffeomorphism from {M,H) onto another 
Heisenberg manifold {A4',H'). Since = H' we see that (p' induces a smooth vector bundle 
isomorphism : TM/H TM'/H'. 

Definition 2.8. We let (p'^ : {TM/ H)®H {TM' /H')®H' denote the vector bundle isomorphism 
such that 

(2.10) (P'h{o){Xg + X') = ^'(a)Xo + (p'{a)X', 
for any a £ M and any Xq £ Ta/Ha and X' G Ha- 

Proposition 2.9 ('Po6'). The vector bundle isomorphism (p'jj is an isomorphism of graded Lie 
group bundles from GM onto GM' . In particular, the Lie group bundle isomorphism class of GM 
depends only on the Heisenberg diffeomorphism class of (M, H) . 

2.2. Heisenberg coordinates and nilpotent approximation of vector fields. It is interesting 
to relate the intrinsic description of GM above with the more extrinsic description of |BGj (see 
also jBej , |EMMj , |FSlj , |Groj , |Ro2j ) in terms of the Lie group associated to a nilpotent Lie algebra 
of model vector fields. 

First, let a G M and let us describe QaM as the graded Lie algebra of left-invariant vector fields 
on GaM by identifying any X G QaM with the left-invariant vector fields Lx on GaM given by 

(2.11) Lxfix) = ^/[(texpX).x]|^^„ = |/[(tX).x]|,^„, / G G^{GaM). 

This allows us to associate to any vector fields X near a a unique left-invariant vector fields X"" on 
GaM such that 

(2.12) X" = | ^^X{a)_^Ha, 

Lx[a) otherwise, 

where XQ(a) denotes the class of X{a) modulo Ha- 

Definition 2.10. The left-invariant vector fields X"" is called the model vector fields of X at a. 

Let us look at the above construction in terms of a //-frame Xq, . . . ,Xd near a, i.e. of a local 
trivialization of the vector bundle (TM/H) © H. For j,k = 1, . . . ,d we let 

(2.13) CiXj ,Xk) = [Xj , Xk]Xo = LjkXo mod H. 

With respect to the coordinate system (xq, . . . ,Xd) XQXQ{a) -|- . . . + XdX(i{a) we can write the 
product law of GaM as 

1 

(2.14) x.y = {xo + - ^ LjkXjXk,xi,...,Xd). 

j,k=i 

Then the vector fields Xj, j = 1, . . . , d, in (|2.12|) is just the left-invariant vector fields corresponding 
to the vector ej of the canonical basis of M'^^^, that is, we have 

(2.15) XS = — and = — - - V L.^x^ — , 1 < j < d. 

OXn •' OXj 2 OXn 

■' k=\ 

In particular, for j,k = 1, . . . ,d we have the relations, 

(2.16) [X^,X-,] = L^k{a)XS, [X-, Xg] = 0. 
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Now, let K : dorriK — > [/ be a Heisenberg chart near a = k~^{u) and let Xq, . . . , Xd be the 
associated ff- frame of TU. Then there exists a unique affine coordinate change x ipuix) such 
that iJu{u) = and ■^pu^,Xj{0) = g|- for j = 0,1, . . . ,d. Indeed, if for j = 1, . . . , d we set Xj{x) = 

Ylk=o ^jk{x)^ then we have 

(2.17) ^Puix)=A{u){x-u), A{u) = {B{uY)-\ 

Definition 2.11. 1) The coordinates provided by ipu o'^e called the privileged coordinates at u with 
respect to the H -frame Xq, . . . , X^- 

2) The map ip^^ is called the privileged- coordinate map with respect to the H -frame Xq, . . . ,Xd- 

Remark 2.12. The privileged coordinates at u are called n-coordinates in |BGj . but they correspond 
to the privileged coordinates of |Bej and |Groj in the special case of a Heisenberg manifold. 

Next, on W^+^ we consider the dilations 

(2.18) 5t{x) =t.x = {t^XQ,txi,...,tXd), t G K, 

with respect to which is homogeneous of degree —2 and . . . , jf- is homogeneous of de- 
gree —1. 

Since in the privileged coordinates at u we have Xj{0) = we can write 

(2.19) X, = — + ^a,fc(a;) — , i = 0,l,...d, 

where the ajfc's are smooth functions such that ajk{0) = 0. Therefore, we may define 

(2.20) X^"^ = limt^A^Xo = 



Xo 



d 



(2.21) x]") = iimt-i5;X, = — + ^6,fcX, — , j = l,...,d, 

where for j, fc = 1, . . . , d we have set bjk = dx,.ajQ{0). 

Observe that ^q""* is homogeneous of degree —2 and are homogeneous of degree 

— 1. Moreover, for j,k = 1, . . . ,d we have 

(2.22) [Xf,x(")]=0 and [xf^, xj")] = (6,, - 6,,)xS"\ 

Thus, the linear space spanned by xj"^ , , . . . , X^"^ is a graded 2-step nilpotent Lie algebra g^^' . 
In particular, g^") is the Lie algebra of left-invariant vector fields over the graded Lie group 
consisting of M'^+^ equipped with the grading (|2.18|) and the group law, 

d 

(2.23) x.y = {xo-\- ^ bkjXjXk,xi, . . . ,Xd). 

j,k=i 

Now, if near a we let C{Xj,Xk) = [Xj, Xk] = Ljk{x)XQ mod H then we have 

(2.24) = ]immXj,t6;Xk] = ]imt^6;{Ljk{oK-\x))Xo) = L,-fc(a)xJ"\ 

Comparing this with 1)2. 16() and 1)2. 22() then shows that g(") has the same the constant structures 
as those of QaM, hence is isomorphic to QaM. Consequently, the Lie groups G(") and GaM are 
isomorphic. In fact, as it follows from |BGj and |Po6j an explicit isomorphism is given by 

1 

(2.25) KixQ, . . . ,Xd) = {xq - - ^ {bjk + bkj)xjXk,xi, . . .,Xd). 

j,k=i 
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Definition 2.13. Let Su = (t>u° i^u- Then: 

1 ) The new coordinates provided by are called Heisenberg coordinates at u with respect to the 
H -frame Xq,. . . ,Xd. 

2) The map Eu is called the u-Heisenberg coordinate map. 



Remark 2.14. The Heisenberg coordinates at u have been also considered in |BGj as a technical 
tool for inverting the principal symbol of a hypoelliptic sublaplacian. 

Next, as it follows from |Po6[ Lem. 1.17] we also have 

d 

O 

] 



(2.26) ^.xr = ^ = .TS and ^.xf = ^ - 1 X; = X| 

■' k=l 

Since (pu commutes with the Heisenberg dilations 1)2. 18(1 using 1)2. 20p - ()2. 21(1 we get 

(2.27) lim t^J^^^^X^"^ = Xg and lim ^ = Xf, j = l,...,d. 



In fact, as shown in |Po6j for any vector fields X near a, as t ^ and in Heisenberg coordinates 
at a, we have 



(2.28) 51X 
Therefore, we obtain: 



t-^X" + 0{t-^) iiX{a)£Ha, 
t'^X"- + 0(1) otherwise. 



Proposition 2.15 f lPoGj ). In the Heisenberg coordinates centered at m = k ^(u) the tangent Lie 
group GaM coincides with G^") and for any vector fields X the model vector fields X"- approximates 
X near a in the sense of 



One consequence of the equivalence between the two approaches to GM is a tangent approxi- 
mation for Heisenberg diffeomorphisms as follows. 

Let (p : (M, H) {M' , H') be a Heisenberg diffeomorphism from (Af, H) to another Heisenberg 
manifold {M',H'). We also endow M'^"^^ with the pseudo-norm, 

(2.29) \\x\\ = {xl + {xl + ... + xlfy/\ xGM'^+i, 
so that for any x G W^~^^ and any t G M we have 

(2.30) = |t| ||x||. 

Proposition 2.16 ( |Po6| Prop. 2.21]). Let a ^ M and set m' = 4>{a). Then, in Heisenberg 
coordinates at a and at a' the diffeomorphism 4>{x) has a behavior near x = of the form 

(2.31) 0(x) = 0'^(O)x + (0(||xf ), 0(||xf), . . . , OiWxf)). 

In particular, there is no term of the form xjXk, ^ < j, k < d, in the Taylor expansion of 4>o{x) at 
x = 0. 

Remark 2.17. An asymptotics similar to (|2.31() is given in jBe " Prop. 5.20] in privileged coordinates 
at u and u' = Ki{a'), but the leading term there is only a Lie algebra isomorphism from g^") onto 
g("'). This is only in Heisenberg coordinates that we recover the Lie group isomorphism (/>^(a) as 
the leading term of the asymptotics. 



Remark 2.18. An interesting application of Proposition 12.161 in [Po6j is the construction of the 
tangent groupoid GhM of (M, H) as the differentiable groupoid encoding the smooth deformation 
of M X M to GM. This groupoid is the analogue in the Heisenberg setting of Connes' tangent 
groupoid of a manifold ( \Coi 11.5], |HSj ) and its shows that GM is tangent to a in a differentiable 
fashion (compare |Bej . |Groj ). 
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3. Most common operators on Heisenberg manifolds 

In the his section we recaU the constructions of the most common operators on a Heisenberg 
manifold. At the exception of the contact Laplacian, all these operators are sublaplacians or 
coincides with an integer power of a sublaplacian up to a lower order term. 

Recall that a sublaplacian on a Heisenberg manifold {M'^^^ , H) acting on the sections of a vector 
bundle £ over M is differential operator A : C°°(-/Vf, <?) C°°{M,£) such that, near any a € M, 
there exists a H-fvame Xq , Xi , . . . , X^ of TM so that A takes the form 

d 

(3.1) A = — ''^^Xj + lower order terms. 

i=i 

3.1. Hormander's sum of squares. Let Xi, . . . ,X„^ be (real) vector fields on a manifold M'^+^ 
and consider the sum of squares, 

(3.2) A = -(Xl + ... + Xl). 

By a celebrated theorem of Hormander (Ho2j the operator A is hypoelliptic provided that the fol- 
lowing bracket condition is satisfied:the vector fields Xq, Xi, . . . , Xm together with their successive 
Lie brackets [Xj^, [^j2^ ■ ■ ■ ^-^ji] ■ ■ •]] span the tangent bundle TM at every point. 

When Xi, . . . ,Xm span a hyperplane bundle H then A is a sublaplacian with real coefficients 
and the bracket condition reduces to H + [H, H] = TM or, equivalently, the Levi form of (M, H) 
is nonvanishing. 

In fact, given a vector bundle £, the theorem of Hormander holds for more general sublaplacians 
A : C^{M, £) C^{M, £) of the form 

(3.3) A = -(v2,^ + ... + v2,^) + L, 

where V is a connection on £ and L = L{Xi, . . . , Xm) is a first order polynomial with real coeffi- 
cients in the vector fields Xi, . . . ,Xm- In particular, if M is endowed with a positive density and 
£ with a Hermitian metric, this includes the selfadjoint sum of squares, 

(3.4) A = V3,^Vx, + ... + V3,„V|^. 

3.2. The Kohn Laplacian on a CR manifold. In |KRj Kohn-Rossi showed that the Dolbeault 
complex on a bounded complex domain induces on its boundary a horizontal complex of differential 
forms. This was later extended by Kohn |Kohlj to the general setting of a CR manifold M^""^^ as 
follows. 

Let M^'^+i be a CR manifold with CR bundle Ti^o C TcM and set Tq^ = J\^. Then the 
subbundle H = 3^(Ti^o © ?o,i) C TM admits an integrable complex structure and the splitting 
if (gi C = Ti_o © Tq^i gives rise to a decomposition AH* C = ©o<p,(j<nA^''^ into forms of bidegree 

{p, q)- 

Assume that TqM is endowed with a Hermitian metric such that Ti^ and Tq^i are orthogonal 
subspaces and complex conjugation is an (antilinear) isometry. This Hermitian metric gives rise to 
a Hermitian metric on A*T^M with respect to which the decomposition AH* ® C = ©o<p.(j<nAP''^ 
becomes orthogonal. Let Hp^q : A*T^M A^''^ be the orthogonal projection onto A^*'^. Then the 
Kohn-Rossi operator 4 : C°°(M, A^'^) ^ C°°(M, A^'^+i) is given by 

(3.5) 4r? = np,,+i(dr/), r/ E C7-(M, A?-^). 

Since the integrability of Ti^ implies that = 0, this yields chain complexes Bb : C°°(M, A^'*) 
C~(M,AP'*+i). 

Endowing M with a smooth density p > we let denote the formal adjoint of db. Then the 
Kohn Laplacian is 

(3.6) Dfe = (Bb + Blf = BlBb + BbBl . 



15 



The Kohn Laplacian is a sublaplacian (see |FS1[ Sect. 13], |BG1 Sect. 20]), so is not elliptic. 
Nevertheless, Kohn jKohlj proved that under a geometric condition on the Levi form (|2.4() . the 
so-called condition Y{q), the operator acting on (p, g)-forms is hypoelliptic with loss of one 
derivative, i.e. for any compact K C M we have 

(3.7) \\u\\s+i < CKs{\\abu\\s + \\u\\o) yC^{M, AP'''). 

where denotes the norm of the Sobolev space L^(M, A^'''). 

The condition Y{q) at point x £ M means that if we let {r{x) — K{x),K{x),n — r{x)) be the 
signature of Lg at x, so that r(x) is the rank of Lg and k{x) the number of its negative eigenvalues, 
then we must have 

(3.8) q {k{x), k(x) + 1, . . . , k{x) + n — r{x)} U {r{x) — k(x), r(x) — k{x) + 1, . . . , n — k{x)}. 

Kohn's theorem then tells us that when the y(g)-condition holds everywhere is hypoelliptic on 
(p, g)-forms. 

For instance, when M is K-strictly pseudoconvex, the y(g)-condition exactly means that we must 
have q ^ K and q ^ n — k. In general this condition is equivalent to the existence of a parametrix 
within the Heisenberg calculus (c/. [BCirj . |Po8j : see also |Boj . |FSlj ). from which we recover the 
hypoellipticity of 

Finally, let us mention that the condition Y{q) is a sufficient, but not a necessary condition for 
the hypoellipticity of the Kohn Laplacian (see, e.g., |Koh2j . |Koj . |Nij ) . 

3.3. The horizontal Laplacian on a Heisenberg manifold. Let {M'^~^^,H) be a Heisenberg 
manifold endowed with a Riemannian metric. Then the horizontal sublaplacian is the differential 
operator Ab : C^{M,KIH*) C'^{M,AIH*) is given by 

(3.9) Aj, = dldh + d^dl, d^a = 7rf,(da), 

where vrf, : \.^T*M — > K}.H* denotes the orthogonal projection onto k^H* . 

This operator was first introduced by Tanaka |Taj in the CR setting, but versions of this operator 
acting on functions were independently defined by Greenleaf |Grj and Lee |Lej . Moreover, it can 
be shown that = if, and only if, the subbundle H is integrable, so in general Af, is not the 
Laplacian of a chain complex. 

On functions is a sum of squares modulo a lower order term, hence is hypoelliptic by 
Hormander's theorem. When acting on horizontal forms of higher degree, that is, on sections 
of A^if* with /j > 1, it is was shown, in JTa" and pEul in the contact case and in |Po8j in the 
general case, that the operator Ab is hypoelliptic when the condition X{k) holds everywhere. 

In the terminology of |Po8j the condition X{k) at a point x E M means that, if we let 2r(x) 
denote the rank of the Levi form £ at x, then we must have 

(3.10) k {r(x), r(x) + 1, . . . , d - r(x)}. 

For instance, if M^"+^ is a contact manifold or a nondegenerate CR manifold then the Levi form 
is everywhere nondegenerate, so r(x) = 2n and the X(A;)-condition becomes k ^ n. 

Assume now that M is a CR manifold with Heisenberg structure H = 3f?(Ti^o © ^o,i) and assume 
that TqM is endowed with a Hermitian metric with respect to which Ti^q and Tq^i are orthogonal 
subspaces and complex conjugation is an isometry. Then we have df, = + db, where db denotes 
the conjugate of db, that is, dba = dbUi for any uj G C°°(M, A^ff*). Moreover, as dbdl + d^db = 
dldb + dbdl = (see jEl) we get 

(3.11) A;, = □;, + □;„ 

where is the conjugate of In particular, we see that the horizontal sublaplacian preserves 
the bidegree, i.e., it acts on (p, g)-forms. 
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In fact, as explained in |Po8l p. 34], one can show that the operator acting on (p, g)-forms is 
hypoelliptic when at any point x € M the condition Y{p, q) is satisfied. This means that at any 
point X S M we have 
(3.12) 

(PtQ) {{K,{x)+j,r{x) — K{x)+k); max(j. A;) < n— r(x)}U{(r(x) — k(x)+A;); max(j. A;) < n— r( 

where {r{x) — K{x),K{x),n — r{x)) is the signature at x of the Levi form Lq associated to some 
non- vanishing real 1-form anihilating Ti^offi^o,!- In particular, when M is /t-strictly pseudoconvex 
the Y{p, q) reduces to {p, q) 7^ (k, n — k) and (p, q) ^ {n — k, k). 

3.4. The conformal powers of the horizontal sublaplacian on a strictly pseudoconvex 
CR manifold. Let (M^""'"^,0) be a strictly pseudoconvex pseudohermitian manifold. Let Ti^ C 
TcM be the CR bundle of M and define To,! = J\^ and H = K(ri,o © To,i). 

According to Webster |Wej a pseudohermitian structure on M is given a choice of a 1-form 6 
annihilating H such that the associated Levi form Lq is positive definite on Ti^q, so that ^ is a contact 
form with respect to which the complex structure of H is calibrated, i.e. we have d9{X, JX) > 
for any non-zero section of H. 

We extend the Lg into a Hermitian metric hg on TqM that Ti^ and Tq^i, are orthogonal subspaces, 
complex conjugation is an (antilinear) isometry and ^ei^x = Then as shown by Tanaka |Taj 
and Webster |Wej there is a unique unitary connection on Tt^M preserving the pseudohermitian 
structure. Note that the contact form 9 is unique up to a conformal change / — > f G 

C°°(M, M). In order to study the analogue in CR geometry of the Yamabe problem Jerison-Lee |JLlj 
(see also jJL2j . pL3j introduced a conformal version of the scalar horizontal sublaplacian acting 
on functions, 

(3.13) Be : C^{M) C°°(M), Be = Ab + -—Rn, 

n + 2 

where Rn denotes the scalar curvature of the Tanaka- Webster connection. This is a conformal 
operator in the sense that 

(3.14) B^ifg = e-("+2)/ Bg e"^ V/ G C°°(M, R). 

Assume now that M is strictly pseudoconvex. Then the construction of Jerison-Lee has been 
recently generalized by Gover-Graham |GGj . Assuming the existence of a (n + 2)'th root for the 
canonical bundle A"'^ their constructions yield for k = 1, 2, . . . , n -|- 1 a selfadjoint differential 
operator, 

(3.15) Bf^ : C°^{M) — > C°^{M), 

such that the leading part (in the Heisenberg sense) of Bg''^ agrees with that of and we have 

(3.16) H^gg = e~("+^+'=)^ B'g'^ e("+i-'=)-^, V/ G C7~(M, M). 

This is essentially the operator Pw,w' of Theorem 1.1 of |GGj with w = w' = , noticing that 

when w' = w the density bundles £{w,w), on which the Gover-Graham's operators act, are in fact 
trivializable. For A; = 1 we recover the operator Bg of Jerison-Lee. 

3.5. Contact complex and contact Laplacian. Given an orientable contact manifold (M^"+^, 6) 
the contact complex of Rumin Ru can be seen as an attempt to get on M a complex of horizontal 
differential forms by forcing out the equalities = and ((i^)^ as follows. 

Let H = ker 9 and assume that H is endowed a calibrated almost complex structure J G End]R H, 
= —1, so that d9{X, JX) = —d9{JX, X) > for any section X of H. We then get a Riemannian 
metric on M by letting 

(3.17) gg = d9{.,J.) + 9^. 
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Let T be the Reeb fields of 9. Then we have 

(3.18) dl = -CTe{d9) = e{de)CT, 

where e{d9) denotes the exterior multiphcation by d9. 

There are two ways of modifying the space A^^H* of horizontal forms to get a complex. The first 
one is to force the equality = by restricting the operator db to := kere{d9) n A^^H* since 
this bundle is stable under db and on there d^ vanishes. 

The second way by similarly forcing the equality {dl)"^ via the restriction of d^ to := ker i{d9)n 
A'^H* = {im.e{d9))^ n A'^H*, where i{d9) denotes the interior product with d9. This means that 
we replace db by the operator vri o d^, where tti is the orthogonal projection onto A|. 

On the other hand, since d9 is nondegenerate on H the operator s{d9) : A^H* A^'^H* is 
injective for k <n — l and surjective for k > n + 1. This implies that Ag = for k < n and A^ = 
for k > n + 1. Therefore, we only have two halves of complexes. As observed by Rumin we get a 
full complex by connecting the two halves by means of the (second order) differential operator, 

(3.19) Dr:A^^ A^+\ Dr = Ct- dbe{d9)-'db, 

where e{d9)^^ is the inverse of e{d9) : A^^'^H* A^^H* . In other words, letting A*^ = A^^ for 
/c = 0, . . . , n — 1 and A*^ = A^ for = n + 1, . . . , 2n, we have the chain complex: 

(3.20) C°°(M) ^ . . . ^ C°°(M, A^^) ^ C7°°(M, A^) ^ . . . ^ C7~(M, A^*^), 

where dn : C~(M,A'=) C'^{M,A^+'^) is equal to vri o 4 for A; = 0, . . . , n - 1 and to db for 
k = n + 1, . . . ,2n. This complex is called the contact complex of M. 

The contact Laplacian Ar : C°°(M, A* © A^) C°°(M, A* © A^^) is given by the formulas, 

(n - k)dRd\ + {n-k + l)d\dR on A''', A; = 0, . . . , n - 1, 

{d*^dR)^ + D},DR on Ay, 

DRD*^ + {dRd\) onAf, 

{n-k + l)dRd\ + {n- k)d\dR on A'', k = n + I, . . . ,2n. 

Next, the almost complex structure J of H defines a bigrading on A^H* . More precisely, we 
have an orthogonal splitting H(dC = Ti^ ©Tq^i with Ti^ = ker(J + i) and Tg^i = Ti^ = ker(J — z). 
Therefore, if we consider the subbundles A^'^ = T/g and A°'i = T^^^ of H* C C T^M then we 
have the orthogonal decomposition A^H* = 0o<pg<„ A^'^ with A^'^ = {A'^'^y A (A^'^)'?. We then 
get a bigrading on A", j = 1, 2, by letting 

(3.22) A]= Af^, A^'" = A^" n Af 

p+q=n 

For k = 0, . . . ,2n with k ^ n there exists a first order differential operator such that 

(3.23) {n- k + 2)AR = {n- k)in- k + l)Ab + PkPk on A^ A: = 0, .., n - 1, 

(3.24) {l-n + 2)AR = {k-n){k-n+l)Ab + Pi*Pi on A\ k = n + 1, . . . ,2n. 

(i) 

For j = 1,2 and p + q = n there exist second order differential operators Pp^q so that we have 

(3.25) 4Ar = Al + {Pi,ilrPi,]l on A^-? with sup(p, q) > 1, 

(3.26) Ar = {Ab + iTf on A^"'°, 

(3.27) Ar = {Ab - iTf on A°'". 

These formulas enabled Rumin |Ruj to show that Ar satisfied at every point a condition, the 
Rockland condition |Rolj , which then allowed him to apply results of Helffer-Nourrigat ( HN3 ) to 
show that Ar was maximal hypoelliptic. Alternatively, the facts that the Rockland condition is 
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satisfied at every point and that the manifold is contact insure us that A/j admits a parametrix 
within the Heisenberg calculus, hence is hypoelliptic (see |Po8j ). 

4. Heisenberg calculus 

In this section we gather the main facts about the Heisenberg calculus, following closely the 
expositions in |BU1 and [Po8] (see also |EMMj . |Tayl ). 

4.1. Left-invariant pseudodifferential operators. Let {M'^^^,H) be a Heisenberg manifold 
and let G = GaM be the tangent Lie group of M at a point a G M. We review here the main 
results about left-invariant pseudodifferential operators on G (see also |BGj . |CGGPj . |Tay| ) . 

Recall that for any finite dimensional vector space E the Schwartz class S{E) is a Frechet space 
and the Fourier transform is the continuous isomorphism of S{E) onto S{E*) given by 

(4.1) /(O = / e*<«'-V(x)dx, fGSiE), UE\ 
where dx denotes the Lebesgue measure of E. 

Definition 4.1. Sq{E) is the closed subspace of S{E) consisting of f £ S{E) such that for any 
differential operator P on E* we have {Pf){0) = 0. 

Since G has the same underlying set as that of its Lie algebra g = QxM we can let S{G) and 
So{G) denote the Frechet spaces S{E) and So{E) associated to the underlying linear space E oi q 
(notice that the Lebesgue measure of E coincides with the Haar measure of G since G is nilpotent). 

Next, for A G M and ^ = + in 0* = {T*M/H*) Ha we let 

(4.2) A.e = A.(eo + = A% + A^'. 

Definition 4.2. 5.m(0*), m £ C, is the space of functions p £ G°°{q* \ 0) which are homogeneous 
of degree m, in the sense that, for any A > we have 

(4.3) p(A.e) = AXO Vee0*\O. 

In addition Sm{Q*) is endowed with the Frechet space topology induced from that of G°°{q* \ 0). 

Note that the image Sq{G) of S{G) under the Fourier transform consists of functions v G 5(0*) 
such that, given any norm |.| on G, near ^ = we have \g{^)\ = 0{\(^\^) for any integer > 0. 
Thus, any p S 5*^(0*) defines an element of 5o(0*)' by letting 

(4.4) {p,g)= [ piOgiOdC, 5G5o(0*). 

J 8* 

This allows us to define the inverse Fourier transform of p as the element p G Sq^G)' such that 

(4.5) {p,f) = {pj) V/e5o(G). 

Proposition 4.3 f |BGj . |GGGPj ). 1) For any p G Sm{9*) the left- convolution by p, 

(4.6) p * fix) := {p{y),f{x.y-')), f G So{G), 

defines a continuous endomorphism o/5o(G). 
2) There is a continuous bilinear product, 

(4.7) * : Smi{9*) X SmiiS*) > 'S'mi+m2 (0*)i 

such that, for any pi £ SmiiQ*) and p2 £ Sm2iQ*), the composition of the left- convolution 
operators by pi and p2 is the left- convolution operator by {pi *P2Y , that is, we have 

(4.8) pi * {p2 * f) = {pi * P2Y *f V/ G 5o(G). 
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Let us also mention that if p E Sm{Q*) then the convolution operator Pu = p * / is a pseudodif- 
ferential operator. Indeed, let Xo(a), . . . , Xd{a) be a (linear) basis of q so that XQ{a) is in TaM/Ha 
and Xi{a), . . . , Xd{a) span Ha- For j = 0, . . . , d let Xj be the left-invariant vector fields on G such 
that _^ = Xj{a). The basis Xo(a), . . . ,Xd{a) yields a linear isomorphism g ~ R'^"*'"'^, hence a 
global chart of G. In this chart p is a homogeneous symbol on \ with respect to the dilations 

(4.9) X.x = {X^xo,Xxi,...,Xxd), rEeR'^+\ A > 0. 

Similarly, each vector fields jXj, j = 0,...,d, corresponds to a vector fields on R'^+^ whose 
symbol is denoted o"J(x, ^). Then, setting a = (uo, . . . , ad), it can be shown that in the above chart 
P is the operator 

(4.10) Pf{x)=j e--«p(a"(x,e))/(e), / G cSo(R"+1). 

In other words P is the pseudodifferential operator p{—iX'^) := p{a"'{x,D)) acting on 5o(R'^^^). 

4.2. ^^hDO's on an open subset of R'^+-'^. Let U be an open subset of R'^^^ together with a 
hyperplane bundle H C TU and a i?-frame Xq, Xi, . . . , Xd of TU. Then the class of ^'^DO's on 
U is a class of pseudodifferential operators modelled on that of homogeneous convolution operators 
on the fibers of GU. 

Definition 4.4. Sm{U x R'^+i), m £ C, is the space of symbols pix,0 G G°°{U x R^^+^VO) that 
are homogeneous of degree m with respect to the ^-variable, that is, 

(4.11) p{x, A.O = AXx, i) for any A > 0, 
where ^ A.^ denotes the Heisenberg dilation ^4-9^ . 

Observe that the homogeneity of p G S^iU x R'^^^) implies that, for any compact K C U, it 
satisfies estimates 

(4.12) md^^p{x,0\<CKaMf'^~'^, ^^K, C^O, 
where ||e|| = (|CoP + 161' + • • • + lU^^^ and (a) = 2ao + ai + . . . + a^. 

Definition 4.5. S"^{U x R'^+-'^), m € C, consists of symbols p G C°°{U x R'^+^) with an asymptotic 
expansion p ~ '^j>oPm~j , Pk G Sk{U x R'^^^), in the sense that, for any integer N and for any 
compact K C U , we have 

(4.13) la-af (p- Y,Pm-j)ix,0\ < CamKUf"'-^-'', x&K, iieil > 1. 

j<N 

Next, for j = 0, let aj{x,^) denote the symbol of jXj (in the classical sense) and set 

a = (fJo, . . . , (Jd)- For any p S S"^{U xR*^"*"-^) it can be shown that the symbol Pa{x,^) := p{x, a{x, ^)) 
is in the Hormander class of symbols of type (^, ^) (see |B(7| Prop. 10.22]). Therefore, we define a 
continuous linear operator from C^{U) to G°°{U) by letting 

(4.14) p{x,-iX)f{x) = (2^)-('^+i) j e"-«p(x,a(x,0)/(e)rfe, / G C^{U). 

In the sequel we let ^^°°{U) denotes the class of smoothing operators, i.e. of operators given by 
smooth kernels. 

Definition 4.6. ^^{U), m G C, consists of operators P : G^{U) G°°{U) of the form 

(4.15) P = p{x,-iX) + R, 

with p in S"^{U x R'^^-'^), called the symbol of P, and R is smoothing. 
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The above definition of the symbol of P differs from that of |BGj . since there the authors defined 
it to he Pa{x, S,) = p{x,a{x,^,)). Note also that p is unique modulo S~°°{U x M'^"'"-^). 

Lemma 4.7. For j = 0,1,... let pm-j G Sm-jiU x ]R'^+^). Then there exists P £ ^niU) with 
symbol p ~ "^jx^Pm-j ■ Moreover, the operator P is unique modulo smoothing operators. 

The class ^^{U) does not depend on the choice of the frame Xq, . . . , (see |BG1 Prop. 10.46]). 
Moreover, since it is contained in the class of ^'DO's of type (|, ^) we get: 

Proposition 4.8. Let P be a ^ hDO of order m on U . 

1) P extends to a continuous mapping from £'{U) to T)'{U) and has a distribution kernel which 
is smooth off the diagonal. 

3) Let k = if^m > and k = otherwise. Then for any s G R the operator P G ^^{U) 

extends to a continuous mapping from L1 ^^^^{U) to L^_^[q^(C/). 

4.3. Composition of ^hDO's. Recall that there is no symbolic calculus for ^'DO's of type (^, ^) 
since the product of two such ^fDO's needs not be again a ^T)0 of type ^). However, using 
the fact that the ^'//DO's are modelled on left-invariant pseudodifferential operators allows us to 
construct a symbolic calculus for ^'//DO's. 

(x) 

First, for ?' = 0, . . . , d let X) be the leading homogeneous part of Xj in privileged coordinates 
centered at x defined according to (|2.2fl|l and (|2.21j) . These vectors span a nilpotent Lie algebra of 
left-invariant vector fields on a nilpotent graded Lie group which corresponds to G-JJ by pulling 
back the latter from the Heisenberg coordinates at x to the privileged coordinates at x. 

As alluded to above the product law of G^^^ defines a convolution product for symbols, 

(4.16) *(^) : 5„,(M'^+i) X 5™,(M^+i) 5^,+^,(M'^+i). 
such that, with the notations of 1)4. 10(1 . on £(5o(M'^+^)) we have 

(4.17) pi(-iX("))p2(-^^(")) = {Pi P2)(-iX(")) Vp, E Sm,{M.''+^). 

As it turns out the product depends smoothly on x (see |B(7| Prop. 13.33]). Therefore, we 
get a continuous bilinear product, 

(4.18) * : SmAU X IR''+') X Sm,{U x R'^+i) ^ Sm,+m,{U X R'^+i), 

(4.19) Pi*P2ix,0 = iPii^,-)*^"'^P2ix,.)m, p^eSm^iUxW^^'). 

Proposition 4.9 {^Hi Thm. 14.7]). For j = 1,2 let Pj G ^'^'(C/) have symbol pj ~ Y.k>oPj,m,-k 
and assume that one of these operators is properly supported. Then the operator P = P1P2 is a 
hDO of order mi + m2 and has symbol p ~ ^k>QPmi+m2-k, with 

(fc— fci— ^2) 

(4.20) p„,+„2-fc(a;,0 = X] X] KM5{x){Dlpi^rni_k^) *{Cdxd1p2,m2-k2){x,C), 

fci+/c2<fc a, (3,^,5 

(0 

where ^ denotes the sum over the indices such that \(3\ = \^\ and |a| + < (^ — (7) + ((5^ = I, 

and the functions ha/^^s{x) 's are polynomials in the derivatives of the coefficients of the vector fields 
Xq, ■ ■ ■ ,Xd. 

Remark 4.10. It follows from 1)4. 19() that for any x £ U the x-symbol pi,mi *P2,m2(^5-) depends 
only on pmi{x,.) and Pm2{x,.). However, the value of (pi,mi *P2,m2)(^)0 (^lO ^ U x R'^^^ 
depends on all the 77- values Pmi{x,ri) and Pm2{x,'n) ^-s V ranges over R'^^^. Thus we may localize 
the product of Heisenberg symbols with respect to x, but not respect to (x, ^), that is, the product 
of ^'//DO's is local, but is not microlocal. 
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4.4. The distribution kernels of ^'hDO's. An important fact about ^'DO's is their character- 
ization in terms of their distribution kernels. 

First, we extend the notion of homogeneity of functions to distributions. For K G and 
A > we let Kx denote the element of 5'(M'^+^) such that 

(4.21) (Ka,/) = \-^''^^Hk{x)J{\-\x)) V/ e 5(M'^+i). 

In the sequel we will also use the notation K{\.x) for denoting K\{x). We then say that K is 
homogeneous of degree m, m € C, when Kx = A™ if for any A > 0. 

Definition 4.11. 5^gg(M^^^) consists of tempered distributions on W^"^^ which are smooth outside 
the origin. We equip it with the weakest topology such that the inclusions of S'^f,g{W^^^) into S'{W^^^) 
and C°°{W^~^^\0) are continuous. 

Definition 4.12. }Cm{U x E'^+i), m e C, consists of distributions K{x,y) in C'^{U)(g>Si.^g{W^+'^) 
such that for some functions Ca{x) G C°°{U), (a) = m, we have 

(4.22) K{x, X.y) = A™iC(x, y) + A"" log A ^ c«(x)y" for any A > 0. 

The interest of considering the distribution class K,m{U x M'^^^) stems from: 

Lemma 4.13 (Uni Prop. 15.24], pvl Lem. 1.4]). 1) Any p £ S:m{UxW^+'^) agrees onUx{W^+\G) 
with a distribution t{x,£) in {U)®S' (W^^^) such that f^-^y is in K.m{U x M'^+-'^), rh = —{m + 
d + 2). 

2) If K{x,y) is inlCrhiU x M'^+i) then the restriction of ky^^{x,C) to U x (M'^+i\0) belongs to 
Sm{UxW'+^). 

This result is a consequence of the solution to the problem of extending a homogeneous function 
p G C°°(M^+^ \ 0) into a homo geneous distribution on M°'+-'^ and of the fact that for r G 5'(]R^^^) 
we have 

(4.23) (f)A = |A|-('^+2)(^^_^)A VAeM\0. 

In particular, if r is homogeneous of degree m then f is homogeneous of — (m + d + 2). 
The relevant class of kernels for the Heisenberg calculus is the following. 

Definition 4.14. /C™(C/ x m G C, consists of distributions K G V'{U x with an 

asymptotic expansion K ~ '}2j>QKm+j, Ki ^ K,i{U x M'^^^), 

in the sense that, for any integer N , as soon as J is large enough we have 

(4.24) - ^C^iU X M"'^^)- 

j<J 

Since under the Fourier transform the asymptotic expansion (|4.13() for symbols corresponds to 
that for distributions in (|4.24jl . using Lemma 14.131 we get: 

Lemma 4.15 ([101 PP- 133-134]). Let K G V'{U x Then the following are equivalent: 

(i) The distribution K belongs to 1C^{U x 
(a) We can put K into the form 

(4.25) K{x,y)=p^^y{x,y) + R{x,y), 

for some p G S"^(?7 x M'^+i), m = -{m + d + 2), and some R G C°°{U x M^+i). 

Moreover, if (i) and (ii) holds and we expand K ~ X]j>o ^m+j, Ki G K,i{U x M'^^^), then we have 
p ~ ^j>QPm-j where Pm-j G Srh-j{U x R'^+^) is the restriction to U x (M'^+-'^\0) of {Km+j)y^c. 
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Next, for X G U let ipx denote the affine change to the privileged coordinates at x and let us 
write (A*)"-^.^ = cr{x,^) with £ GLrf+i(M). Since ipxix) = and ^x*Xj = ^ at y = for 
j = 0, . . . ,d, one checks that ipxiu) = Ax{y — x). 

Let p G X M'^+i). As p{x,-iX) =p''{x,D) withp'^(x,0 = p{x,a{x,C)) = p{x , {Al)''^ ^) 

the distribution kernel kp(^x,-iX){xjy) oi p{x, —iX) is represented by the oscillating integrals 

(4.26) (27r)-('^+i) J e^(^-J^)-«p(x,(4)-ie)rfe = (2vr)-('^+^)|^^| J e^^-(^-J^)-«p(x, 
Since ^px{y) = Ax{y — x) we deduce that 

(4.27) kpi^x-iX){x,y) = Wx\p^^y{x,-^x{y))- 
Combining this with Lemma l4. 151 then gives: 

Proposition 4.16 ([BG, Thms. 15.39, 15.49]). Let P : C~(C/) ^ C~(C/) be a continuous linear 
operator with distribution kernel kp{x,y). Then the following are equivalent: 

(i) P is a ^ hDO of order m, m G C. 

(ii) There exist K G /C™([/ x M'^+i), m = -{m + d + 2), and R G C°°([7 x U) such that 

(4.28) kp{x, y) = Wx\K{x, -^y)) + R{x, y)- 

Furthermore, if (i) and (ii) hold and K ~ "^-^QKrh+j, Ki G /C/([/ x M'^^^), then P has symbol 
p ~ ^j>oPm-j, Si G Si{U X M'^+^), where Pm~j is the restriction to U x (M'^+^\0) of {Km+j)y^^- 

In the sequel we will need a version of Proposition 14. 16l in Heisenberg coordinates. To this end 
let Ex denote the coordinate change to the Heisenberg coordinates at x and set (j)x = Sx ° V'x ^• 
Recall that (px is a Lie group isomorphism from G^^^ to GxU such that (f)x{\-y) = X.(j)x{y) for any 
A G M. Moreover, using (|2.25|) one can check that \(p'^\ = 1 and (px^iy) = —(pxi—y)- Therefore, 
from (|4.27|) we see that we can put kp(^x-iX){x-,y) into the form 

(4.29) kpi^x-iX){x,y) = \e'x\Kp{x,-ex{y)), Kp{x,y) = p^^y{x, -(j)x{-y)) = p^_»y(x, (/)~^(y)). 
In fact, the coordinate changes (px give rise to an action on distributions on U x M."^^^ given by 

(4.30) K{x,y) <t>*xK{x,y), (p*xK{x,y) = K{x,^x\y))- 

Since (l)x depends smoothly on x, this action induces a continuous linear isomorphisms of C^{U x 
> 0, and C°°{U x M'^+^) onto themselves. As (j)x{y) is polynomial in y in such way that 
0x(O) = and (j)x{X-y) = ^■(px{y) for every A G M, we deduce that the above action also yields a 
continuous linear isomorphism of C°° {U)^S^gg{M.'^~^'^) onto itself and, for every A > 0, we have 

(4.31) {4>*xK){x, X.y) = 4>*x[K{x, X.y)], K G V'{U x M'^+i). 

Furthermore, as (j)x{y) is polynomial in y we see that for every a G N'^^^ we can write 4>x{y)" 
in the form 0^(y)" = J2(i3)={a) dai3{x)y^ with d^p G C°°{U x M'^+i). It then follows that, for 
every m G C, the map K{x,y) — > c/)*K{x,y) induces a linear isomorphisms of lCm{U x R'^^^) and 
IC"^{U X M'^^-^) onto themselves. Combining this with (|4.29|) and Proposition 14. 16l then gives: 

Proposition 4.17. Let P : C^{U) — > C°°{U) be a continuous linear operator with distribution 
kernel kp{x,y). Then the following are equivalent: 

(i) P is a ^ hL>0 of order m, m G C. 

(ii) There exist Kp £K7'{U x m = -{m + d + 2), and R e C°°iU x U) such that 

(4.32) kp{x, y) = \e'x\Kp{x, -e,(y)) + R{x, y). 
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Furthermore, if (i) and (ii) hold and Kp ~ Sj>o -^^'.m+i' ^ ^i{U x R +^), then P has 
symbol p ~ X^j>oPm-j, -S*; G Si{U x M'^+^), where Pm-j is the restriction to U x (M°'+-'^\0) of 

Remark 4.18. Let a £ U. Then from (|4.32j) we see that the distribution kernel of P = {ea)*P at 
rc = is 

(4.33) kp{0,y) = \e'J-'kp{e;^H0),e-\y)) = Kp{a,-y). 

On the other hand, as we are in Heisenberg coordinates already, we have tpo = Eq = (po = id. 
Thus, in the form 1)4. 32() for P we have Kp{0,y) = Kp{a,y). Therefore, if we let Pmix,S,) denote 
the principal symbol of P and let Kp^rh £ ^rh{U x denote the leading kernel of Kp then by 

Proposition 14.171 we have 

(4.34) Pm(0,0 = [^P,m]^-.€(«,6, 

This shows that [-^p,m]^_^^(fl, the principal symbol of P at a; = in Heisenberg coordinates 
centered at a. 

4.5. 'J'hDO's on a general Heisenberg manifold. Let {M'^~^^,H) be a Heisenberg manifold. 
As alluded to before the ^'j^/DO's on an subset of W^^^ are ^DO's of type (|, ^). However, the 
latter don't make sense on a general manifold, for their class is not preserved by an arbitrary change 
of chart. Nevertheless, when dealing with ^'ji/DO's this issue is resolved if we restrict ourselves to 
changes of Heisenberg charts. Indeed, we have: 

Proposition 4.19 f |BGj . IPoSj ). Let U (resp. U) be an open subset of W^'^^ together with a 
hyperplane bundle H C TU (resp. H C TU) and a H -frame of TU (resp. a H -frame of TU ). Let 
<j) : (U,H) {U,H) be a Heisenberg diffeormorphism and let P G ^^{U). 

1) The operator P = (p*P is a ^hDO of order m on U. 

2) If the distribution kernel of P is of the form i4-^^ Kp{x,y) G /C™(i/ x M'^+^) then the 
distribution kernel of P can be written in the form with Kp{x,y) G 1C"^{U x M'^+-'^) such that 

(4.35) Kp{x,y)^ ^aapix)y''{d^Kpmx),^'H{x)y), 

where we have let ao,p{x) = d^[\dy{e^(^^)o4)oe~'^){y)\{e^(^:,)0(t)oe~^{y)-4)'H{x)yY]\^^^ and denote 
the change to the Heisenberg coordinates at x £ f. In particular, we have 

(4.36) Kpix,y) = |(/>^(:E)|Kp(0(x), ^'^(x)^) mod fC^^+^U x M'^+i). 

As a consequence of Proposition 14.191 we can define ^'//DO's on M acting on the sections of a 
vector bundle £ over M. 

Definition 4.20. ^'f^{M,£), m eC, consists of continuous operators P : C^{M,£) C°^{M,£) 
such that: 

(i) The distribution kernel of P is smooth off the diagonal; 

(ii) For any trivialization t : S^^ ^ U x over a local Heisenberg chart k : U ^ V C W^^^ the 
operator K^n{Py) belongs to ^g(y,C'') := ^g(y) ®EndC^ 

All the aforementioned properties of ^'DO's on an open subset of M'^^^ hold mutatis standis in 
this setting. 



24 



4.6. Transposes and adjoints of 'J'hDO's. Let us now look at the transpose and adjoints of 
^//DO's. First, given a Heisenberg chart U C M'^^^ we have: 

Proposition 4.21 (jnOl, WM)- Let P G ^'^(C/). Then: 

1) The transpose operator P* is a ^ hT)0 of order m on U . 

2) If we write the distribution kernel of P in the form with Kp G K7^{U x then P* 
can he written in the form i4-^^ with Kpt £ ]C^{U x such that 

(4.37) Kp^{x,y)r. ^ ^ a^p^s{x)y''+\dld'^Kp)[x,-y), 

l(a)<(^ |7|<I<5|<2|7| 

where a^p^six) = ■j^^\dl{\e'^-if^_^^\{y - e^-i^y^{x))'^)dl[e-''{-y) - x)'^](x,0). In particular, 

(4.38) Kpt{x,y) = Kp{x,-y) mod /C'^+^(C/ x M'^+i). 
Thanks to this result we can prove: 

Proposition 4.22 (lEIj, |EH]). Let P : C°°{M,£) C°°{M,£) he a ^rDO of order m. Then: 

1) The transpose operator P* : £'{M,£*) V'{M,£*) is a ^hDO of order m; 

2) If M is endowed with a smooth positive density and £ with a Hermitian metric then the adjoint 
P* : C'^{M,£) C'^{M,£) is a ^hDO of order m. 

4.7. Principal symbol and model operators. Let us now give an intrinsic definition of the 
principal symbol of a ^'//DO and of its model operator at a point. 

Let TT : Q*M M he the canonical projection of the bundle Q*M onto M. 

Definition 4.23. Sm{Q*M,£), m e C, is the space of sections p e C°°{q*M \ 0,End7r*<S) which 
are homogeneous of degree m in the sense that, for any A > 0, we have 

(4.39) p{x, X.O = AXx, V(x, G 9*M \ 0, 
where A.^ denotes the dilation \4-^ - 

Let P G ^'^(M) and for j = 1,2 let Kj be a Heisenberg chart with domain Vj C M. We let 
(f) : Ui ^ U2 he the corresponding transition map, with Uj = K,j{Vi n V2) C 1^*^+^, and for j = 1, 2 
we define Pj := Hij^,{P\^^^^^), so that Pi = (j)*P2- Since Pj belongs to "^^{Uj) its distribution kernel 
is of the form (lO^ with Kp^ G IC^iUj x M'^+i). Let Kp^^rh G /C^([/,- x M'^+i) be the leading kernel 
of Kp. and define 

(4.40) pj,Ux, = [Kp„n.]y^^{x, 0, (x, e) G Uj X M'^+^O. 

Recall that by Remark 14.181 for any a G Uj the symbol Pj{a, .) yields in Heisenberg coordinates 
centered at a the principal symbol of Pj at a; = 0. Moreover, as shown in jPo8j . it follows from 
Proposition 14.191 that we have 

(4.41) pi,m{x, = P2,m{4>{x), [^'/^ (x)] • 

This shows that Pm-= i^lpi^m is an element of S'm(0*(^i H Vi)) which is independent of the choice 
of the chart ki. Since Sm{9*M) is a sheaf this gives rise to a uniquely defined symbol am{P) G 
Sm,{Q*M). As we can similarly deal with ^'/^DO's acting on £ we obtain: 

Proposition 4.24 f |Po8n . For any P £ ^!'^{M,£) there is a unique symbol am{P) G Sm{5*M,£) 
such that if in a local trivializing Heisenberg chart U C W^~^^ we let Kp,fii{x,y) G K,rh{U x M'^+-'^) he 
the leading kernel for the kernel Kp{x, y) in the form i4-^^ for P, then we have 

(4.42) Ora{P){x,0 = [Kp,™]^_^^(x,0, (x,e) G [/ X M'^+^O. 

Equivalently, for any xq £ M the symbol crm{P){xQ, .) agrees in trivializing Heisenberg coordinates 
centered at xq with the principal symbol of P at x = 0. 



25 



Definition 4.25. For P E ^'g{M,£) the symbol am{P) e Sm{9*M,£) provided by Proposition ^^ 
is called the principal symbol of P. 

Since we have two notions of principal symbol we shall distinguish between them by saying that 
o'miP) is the global principal symbol of P and that in a local trivializing chart the principal symbol 
Pm of P in the sense of (|4.13|) is the local principal symbol of P in this chart. 

In fact, as shown in |Po8j the symbols Pm{x,S) and am{P){x,£,) are related by 

(4.43) Pm{x,0 = {4>>rr.{P)){x,0, 

(4.44) {^>UP)) = [Wm{P)]Uyi^, C'(2/))]^-.c = [€Wm{P)]Uy]y^^^ 

where <j)* is the isomorphism map (|4.3U|) . In particular, since the latter is a linear isomorphism of 
}Cm{U X R'^+i) onto itself the map p (f)%p is a linear isomorphism of Sm{U x M'^"'"^) onto itself. 
On the other hand, the principal map is surjective. More precisely, we have: 

Proposition 4.26 f |Po8j ). For every m G C the principal symbol map am '■ ^^(Af , £) —>■ Sm{9*M, £) 
gives rise to a linear isomorphism ^'g{M,£)/^'J^^^{M,£) ^ Sm{0*M,£). 

Now, granted the above definition of the principal symbol, we can define the model operator at 
a point as follows. 

Definition 4.27. Let P G ^''^(M,iS) have (global) principal symbol am{P)- Then the model op- 
erator of P at a G M is the left-invariant h DO- operator : SQ{GaM,£a) — > So{GaM,£x) with 
symbol crm{P)'^^y{a, .), so that we have 

(4.45) PV(x) = ((T^(P)^%(a,y),/(x.y-i)), / G cSo(GaM, f„). 

For a G M we let : Smi{GaM) x Sm2{GaM) — > Smi+m2{GaM) be the convolution product for 
symbols defined by the product law of GaM. Then it is proved in ^PoSj that in a local trivializing 
chart we have 

(4.46) Pm, *''Pm2 = (MAiKPm,) iKPm^)] "^Pm, G 5r„,(M'^+^), 

where {(pa)* denotes the inverse of 0*. Since 0*, its inverse and k^"-* depend smoothly on a, we 
deduce that that so does This allows us to get: 

Proposition 4.28 ( |Po8j ). 1) The group laws on the fibers of GM give rise to a convolution 
product, 

(4.47) * : SmAQ*M,£) x SmA9*M,£) 5^,+„,(0*M, f ), 
such that for symbols Pm^ G iQ*M, £), j = 1, 2, we have 

(4.48) Prm*Pm2ix,0 = [PmAx,-)*''Pm2{x,.M), (x, S 0*M \ 0, 

where denote the convolution product for symbols on GxM . 

Proposition 4.29 ( |Po8j ) . For j = 1,2 let Pj G 'i>^^{M,£) and suppose that Pi or P2 is properly 
supported. Then: 

1) We have CTmi+ma (^^'2) = crmi{P) * CTmiiP)- 

2) At every point a G M the model operator of P1P2 is (P1P2)'* = Pfi^l". 

Using Proposition 14.211 we can also deal with the principal symbols and model operators of the 
adjoints and transposes of ^'j^DO's. 

Proposition 4.30 i^^, |Fo8] ^. Let P G '^'}}{M,£) have principal symbol am{P)- Then: 

1) The principal symbol of the transpose P* is (Jm(P*)(x,^) = cTm(x, — ^)*; 

2) If P° is the model operator of P at a, then the model operator of P* at a is the transpose 
operator {P^f : So{GxM,£*) So{GxM,£*). 
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Assume now that M and £ are endowed with a positive density and a Hermitian metric respec- 
tively and let L'^{M,S) be the associated L^-Hilbert space. 

Proposition 4.31 ( |Po8j ). Let P G ^^{M,£) have principal symbol am{P)- Then: 

1) The principal symbol of the adjoint P* is amiP*)ix,(,) = (Tm(-P)(a^, 0*- 

2) If denotes the model operator of P at a £ M then the model operator of P* at a is the 
adjoint (P")* o/P». 

4.8. Hypoellipticity, parametrices and Rockland condition. Let P : C^{M,£) — > C°°{M,£) 
be a ^'//DO of order m such that k := 3f?m > 0. First, we have: 

Proposition 4.32 f |BGj . |Po8j l. The following are equivalent: 

1) The principal symbol am{P) of P is invertible with respect to the convolution product for 
homogeneous symbols; 

2) The operator P admits a parametrix Q in ^]f'{M,£), i.e. PQ = QP = 1 mod ^^°°{M,£). 

Furthermore, if 1) and 2) hold then P is hypoelliptic with loss of ^-derivatives, i.e., for any s G M 
and any compact K C M we have estimates 

(4.49) ll/II^W ^ CKs{\\Pf\\Hs + II/IIli) V/ G C^{M,£). 

When M is compact, combining this with the compactness of the embedding of H^^'^{M,£) into 
L'^{M,£) we get: 

Proposition 4.33. Suppose M compact and assume that P has an invertible principal symbol and 
a spectrum different from C. Then: 

1 ) The spectrum of P consists of isolated eigenvalues with finite multiplicities. 

2) For any A G SpP the eigenspace ker(P — A) is a finite dimensional subspace of C°°{M,£). 

Now, assume that M is endowed with a positive density and £ with a Hermitian metric. Let 
P"" be the model operator of P at a point a & M and let tt : G — > Ti.-^ be a (nontrivial) unitary 
representation of G = GaM. We define the symbol vpa as follows (see also |Rolj . [UI] . |CGGPj '). 

Let Ti.^{£a) be the subspace of 'H.,^[£a) '■= Ti-jr ^ £a spanned by the vectors of the form 

(4.50) 7rf^= [ {n,^l£M^fix))dx, / G cSo(G), ?? G (£:«). 

Jg 

with / in So{G,£a) = So{G){£a) and ^ G Ti-jr- Then we let irpa denote the (unbounded) operator 
of Ti.Tt{£a) with domain 'H^{£a) such that 

(4.51) vrpa(7r/e) = vrp./e V/ G 5o(G,£:a) G H.. 

One can check that vrpa. is the adjoint of vrpa on TL^, hence is densely defined. Thus vrpa is 
closable and we can let vFp^ denotes its closure. 

In the sequel we let C'!^{£a) = £a, where C Ti-,^ denotes the space of smooth vectors 

of TT (i.e. the subspace of vectors ^ G TL-,^ so that x Tr{x)^ is smooth from G to Ti.-^). 

Proposition 4.34 ( |(Xt(tP] ). 1) The domain ofWp^ always contains G^{£a)- 

2) If^m < then the operator vFpS" is bounded. 

3) We have {npa)* = (vf^)*. 

4) If Pi and P2 are ^DO's on M then Ifjp^p^ = WpaWpa. 

Remark 4.35. If £a = C and P"^ is a differentiable operator then, as it is left-invariant, P" belongs 
to the enveloping algebra U (g) of the Lie algebra g = QaM of G. In this case vrpT coincides on G^ 
with the operator d7r(P"), where dn is the representation of U{g) induced by n. 
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Definition 4.36. We say that P satisfies the Rockland condition at a if for any nontrivial unitary 
irreducible representation vr of GaM the operator Wp^ is injective on C^{£a)- 

Proposition 4.37 ( jPo8j ) . Suppose that the Levi form of {M,H) has constant rank. Then the 
following are equivalent: 

(i) P and P* satisfy the Rockland condition at every point of M; 

(a) P and P* satisfy the Rockland condition at every point of M; 

(Hi) The principal symbol of P is invertible. 
In particular, if P is selfadjoint then principal symbol of P is invertible if, and only if, P satisfies 
the Rockland condition at every point of M. In any case, if the conditions (i), (ii), (Hi) hold P 
admits a parametrix in ^~^{M,£) and is hypoelliptic in the sense of \4.43{) . 

Finally, for a sublaplacian A : C°°(M, — > C°°{M,£.) the Rockland condition can be reformu- 
lated as follows. Near a point a G M let Xq, Xi, . . . , X^ be a local i/-frame of TM with respect to 
which A takes the form, 

(4.52) A = -{Xl + ... + XI)- ifi{x)Xo + O^^(l), 

where /i(x) is a local section of EndiS and the notation 0/^(1) means a differential operator of 
Heisenberg order < 1. 

Let L{x) = {Ljk{x)) be the matrix of C with respect to the i/-frame Xq, Xi, . . . , X^, so that for 
j, A; = 1, . . . , d we have 

(4.53) C{Xj,Xk) = [Xj,Xk] = Ljk{x)Xo mod H. 

Let 2n be the rank of and L(a), let Ai, . . . , denote the eigenvalues of L{a) and consider 
the condition, 

(4.54) Sp//(a)nA„ = 0, 

where the singular set Aq is defined as follows, 

1 1 

(4.55) Aa = (-CX),-- Trace |L(a)|] U [-Trace |L(a)|,cx)) if 2n < d, 

1 

(4.56) Aa = {±(- Trace |L(a)| +^aj|Aj|);aj G N'^} if 2n = d. 

i=i 

As is turns out this condition makes sense independently of the choice of the //-frame and is the 
relevant condition to look at in the case of a sublaplacian. More precisely, we have: 

Proposition 4.38 f |BGl Thm. 18.4], |Po8j ) . 1) The condition \4-54\ ) mnakes sense intrinsically for 
any a G M . 

2) At every point a G M the Rockland conditions for A and A* are equivalent to ^.54[ ). 

3) The principal symbol of A is invertible if, and only if, the condition i4-54[ ) holds at every 
point of M, so when the latter occurs A admits a parametrix in "^Jj^{M,£) and is hypoelliptic with 
loss of one derivative. 

Remark 4.39. In the sequel we will also make use of the weaker condition, 

(4.57) SpMa)nA; = 0, 

(4.58) A'a = (-oo,-^ Trace |L(a)|] U Trace |L(a)|, cx)). 

This condition was considered in |BGSj and implies the existence of a parametrix for the heat 
operator associated to a sublaplacian in the Volterra-Heisenberg calculus of |BGSj (see Section ISj). 
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4.9. Examples. We now briefly explained how Proposition 14.371 and Proposition 14.381 can be used 
in the case of the examples described in Section |31 

(a) Generalized sums of squares. If a sublaplacian A is a generalized sum of squares of the form 
then in 1)4. 52() the matrix /u(x) is is diagonal with purely imaginary values, so that the condi- 
tion (|4.54l) is satisfied if, and only if, the Levi form does not vanish at x. Thus A has an invertible 
principal symbol if, and only if, the Levi form of (M, H) is nonvanishing or, equivalently, the 
bracket condition H + [H, H] = TM is satisfied. In this case A admits a ^'/^DO parametrix and 
is hypoelliptic, so in the special case of a Heisenberg manifold we recover the hypoellipticity result 
of 

(b) Kohn Laplacian. Let : C°°(M,AP'9) ^ C°°(M,AP''?) be the Kohn Laplacian on a CR 
manifold M^"+^ acting on (p, g)-forms, < p, q < n. Then at point x the condition ()4.54|) for 

is equivalent to the y(g)-condition (see |BGj . |Po8j ) . Thus has an invertible principal symbol 
if, and only if, the condition Y{q) holds everywhere. In this case admits a parametrix in 
^'^2(jv/,AP'9) and we recover the theorem of Kohn |Kohlj on the hypoellipticity of 

(c) Horizontal sublaplacian. Let A;, : C°°{M,A^H*) C°°{M,A^H*) be the horizontal sublapla- 
cian on a Heisenberg manifold {M'^^^, H) acting on horizontal forms of degree k, < k < d. Then 
at a point x £ M the condition (|4.54|) for A;, are equivalent to the condition X{k) (see |Po8j ) . 
Therefore, A^ has an invertible principal symbol if, and only if, the condition X{k) holds at every 
point. In particular, in case of a non- vanishing Levi form A;, has always an invertible principal 
when acting on functions. In any case, when the condition X{k) holds everywhere A^ admits a 
parametrix in '^^{M,KqH*) and is hypoelliptic with loss of one derivative. 

(d) Conformal powers of the horizontal sublaplacian. Let (M^""*'"'^, 9) be a strictly pseudoconvex CR 

(k) 

manifold equipped with a pseudohermitian structure and for /c = 1, . . . , n let be a conformal 
power of Afe acting on functions as in |JLlj and ^GG^ As on functions A;, satisfies the Rockland 
condition at every point and has invertible principal symbol, the same is true for all its integer 
powers. As Hg ' and A^ has same principal symbol, it follows that satisfies the Rockland 

(k) 

condition at every point and has an invertible principal symbol. In particular, the operator 
admits a parametrix in '^^^{M) and is hypoelliptic with loss of k derivatives. 

(e) Contact Laplacian. Let (M2"+\ (9) be an orientable contact manifold. For A; = 0, 1, . . . , 2n with 
A; / n let Ar : C^{M,A^) C°°{M,A^) be the contact Laplacian on M acting on contact forms 
of degree k. Then A^ satisfies the Rockland condition at every point (see p. 100]). Since in the 
contact case the Levi form of {M,H) has constant rank 2n, we then may apply Proposition 14.371 
to deduce that A/j has an invertible principal symbol, hence admits a parametrix in ^'^^(M, A'^) 
and is hypoelliptic with loss of one derivative. 

Likewise, the contact Laplacian : C°°(M, A") C°°(M, A") acting on contact forms of 
degree n satisfies the Rockland condition at every point and has an invertible principal symbol, so 
it admits a parametrix in ^'^^(M, A") and is hypoelliptic with loss of two derivatives. 

5. HOLOMORPHIC FAMILIES OF *DOS 

In this section we define holomorphic families of ^'j^DO's and check their main properties. To 
this end we make use of an "almost homogeneous" approach to the Heisenberg calculus, described 
in the first subsection. 
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5.1. Almost homogeneous approach to the Heisenberg calculus. In this subsection we 
explain how the ^I'DO's can be described in terms of symbols and kernels which are almost homo- 
geneous, in the sense that there are homogeneous modulo infinite order terms. 

Definition 5.1. A symbol p{x,^) G C°°{U x M'^+^) is almost homogeneous of degree m, m & C, 
when we have 

(5.1) p{x, X.O - AXx, G S~'^{U X M'^+i) for any A > 0. 

We let S^{U X M^+^) denote the space of almost homogeneous symbols of degree m. 

Lemma 5.2 ([101 Prop. 12.72]). Let q{x,^) G C°°(C/ x M'^+i). Then we have equivalence: 
(i) The symbol q{x,£,) is almost homogeneous of degree m; 

(a) The symbol q{x, ^) is in S"^{U x M'^+'^) and we have q ~ pm with p„i G Sm{U x 1^*^+^) (i.e. the 
only nonzero homogeneous term in the asymptotic expansion i4.1cl\ ) for q is Pm)- 

Granted this we shall now prove: 

Lemma 5.3. Let p G C°°{U x M'^^"-'^). Then we have equivalence: 

(i) The function p belongs to S'^iU x M"'+i). 

(a) For j = 0, 1, .. there exists qm-j S S^/^-' {U x M'^^^) such that p Z]j>o Qm-j- 

Proof. Suppose that for j = 0, 1, .. there exists qm-j £ ^ah~'' ^ M'^^^) such that p ~ Sj>o Qm-j- 
By Lemma 15.21 there exists Pm-j ^ Sm-j{U x 1^^^+-^) such that q^n-j ~ Pm-j- Then we have 
p ~ X^j>oPm-j and so p belongs to S"^{U x M'^^^). Thus (ii) implies (i). 

Conversely, assume that p belongs to S"^{U x R'^+-'^) and let us write p ~ J2j>oP-m~j, Pi G 
Si{U X M"'+i). Let if G C^{R'^+^) be such that ip{^) = 1 near ^ = 1 and ip{0 = O~for ||^|| < 1. 
For j = 0, 1, .. set qm-j{x,S,) = (1 — if{(,))pm-j{x,(,). As for any t > the function qm-jix,t.(,) — 
t"^~-'qm-j{x,^) is equal to {^{t.^) — ip{^))pm-j{x,(,), so belongs to S~°°{U x R'^+^), we see that 
qm-j lies in 5!^ "'([/ x M'^+-'^). Moreover, as we have qm-j{x,^) = Pm-j{x,^) for ||^|| > 1 we see 
that p ~ Sj>oPm-j- Hence (i) implies (ii). □ 

The almost homogeneous symbols have been considered in |B(ir| Sect. 12] already. In the sequel 
it will be important to have a "dual" notion of almost homogeneity for distributions as follows. 

Definition 5.4. The space 'D'^gg{W^^^) consists of the distributions on W^^^ that are smooth out- 
side the origin. It is endowed with the weakest topology that makes continuous the inclusions of 
p;gg(M'^+i) intoV'{R'^+^) andC°°(M^+i\0). 

Definition 5.5. A distribution K{x,y) G C°° {U)^V^^g{W^~^^) is said to be almost homogeneous of 
degree m, m £ C, when 

(5.2) K{x, X.y) - X^K{x, y) G C°°{U x M'^+i) for any A > 0. 

We let 1C^^{U X ]R'^+^) denote the space of almost homogeneous distributions of degree m. 

Proposition 5.6 (Compare ITkyl pp. 18-21]). Let K{x,y) G C°°{U)(g)V'^^{R'^+^) and set m = 
— (m + d + 2). Then we have equivalence: 

(i) The distribution K belongs to IC^fJyU x M^+i). 

(ii) We can put K{x, y) into the form, 

(5.3) K{x,y) = Km{x,y) + R{x,y), 
for some Km G }Cm{U x M'^+i) and R G C°°(t/ x R'^+^). 

(Hi) We can put K{x, y) into the form, 

(5.4) K{x,y) =p^^y{x,y) + R{x,y), 
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for some p G S2{U x M'^+i) and ReC°°{U x R'^+i). 

Proof. First, if Km G ICmiU x R''+^) then (|OT|) imphes that, for any A > 0, the distribution 
K{x,X.y) - A"K(x, y) is in C°°(?7 x R'^+^). Thus (ii) imphes (i). 

Second, let p £ S^{U x W^+'^). By Lemma O there is prh e Sm{U x M°'+^) such that p Prh- 
Thanks to Lemma |4.13l we extend pm into a distribution t{x,^) in C°°(C/)cl'5'(M'^"*'^) such that 
f^^y{x,y) is in K.m{U x M'^+^). Let ip G C'^iW''^'^) be such that (f = 1 near the origin. Then we 
can write 

(5.5) p = T + ip{p-T) + {l-ip){p-p,^). 

Here ^{0{p{^jO ~ '^{^jO) belongs to C°°{U) (E) 'D'{M.'^^^) and is supported on a fixed compact 
set with respect to ^, so [ip{p — is smooth. Moreover, as p ~ pm both (1 — f){p — Pm) and 

[(1 — ip){p — Pm)]^_>y are in S~°°{U x R"^"*"^). It then follows that p^^y coincides with f^^y up to 
an element of C°°{U x R'^"'"^). Since f^^y{x,y) is in }Cm{U X R-^+i) we deduce from this that (iii) 
implies (ii). 

To complete the proof it remains to show that (i) implies (iii). Assume that K{x,y) belongs to 
/C^(?7 X R"'+^). Let ip{y) E C^{R'^+^) be so that ip{y) = 1 near y = and set p = {ipK)^^^{x,y). 
Then p is a smooth and has slow growth with respect to Moreover p^^y(x, y) differs from K{x, y) 
by the smooth function (1 — ip(y))K{x,y). 

Next, using (|4.23|) we see that, for any A > 0, the function p{x, A.^) — X^p{x,(,) is equal to 

(5.6) X-^''+'^[^iX-\y)Kix,X-\y) - X-"'^{y)Kix,y)]^_^ 

= A-('^+2) [(^(A-i.y) - ^{y))K{x, X-\y) + ^{y){K{x, X-\y) - A— i^(x, y))]^_^^. 

Note that {ip{X-Ky) - ip{y))K{x, X~\y) + ip{y){K{x, X-\y) - X-'"^K{x, y)) belongs C°°{U x W^+^) 
and is compactly supported with respect to y, so it belongs to S^°°{U x R*^"*"^). Since the latter is 
also true for Fourier transform with respect to y we see that p{x, A.^) — A™p(x, ^) is in S~'^{UxW^^^) 
for any A > 0, that is, the symbol p is almost homogeneous of degree m. It then follows that the 
distribution K satisfies (iii). This proves that (i) implies (iii). The proof is thus achieved. □ 

5.2. Holomorphic families of ^//DO's. From now on we let denote an open subset of C. 

Definition 5.7. A family {pz)zen C S*{U x R'^^-'^) is said to be holomorphic when: 

(i) The order m{z) of pz depends analytically on z; 

(ii) For any (x,^) G [/ x R"'+-'^ the function z Pz{x,S,) is holomorphic on il; 

(iii) The bounds of the asymptotic expansion pz ~ 'Ylij>oPz,m{z)-j; Pz,l £ Si{U x'R'^'^^), are locally 
uniform with respect to z, that is, for any integer N and any compacts K G U and L dVt we have 

(5.7) |a,-af(p,- j;p,,„(,)_,0(^,OI <C'7v™llef™^^)-^-*^^ xeK, ||e||>l, zGL. 

j<N 

We let Hol(17,5*(C/ x W^+'^)) denote the set of the families ipz)zen C S*{U x R'^+i) that are 
holomorphic. 

Remark 5.8. If {pz)zGn is a holomorphic family of symbols then the homogeneous symbols Pz,m{z)-j 
depend analytically on z. Indeed, for ^ 7^ we have 

(5.8) PzMd^^O = lim A-'"(^)p,(x,A.e). 

Since the above axioms imply that the family (X~^^^^pz{x, X.^))x>i is bounded in the Frechet- 
Montel space Hol(0, C°°{U x {R'^+\0)) the convergence actually holds in Hol(0, C°°{U x {R'^+\0)). 
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Hence Pz,m{z) depends analytically on z. Moreover, as for ^ 7^ we also have 

(5.9) p,-,(x,0= lim A^'-™(-)(p,(x,A.O-E^'"^'^"Ww-K^,0), j = l,2,..., 

Kj 

an easy induction shows that all the symbols pz,mz-j depend analytically on z. 

Recall that ^~°°([/) = C{£'(U),C°°{U)) is naturally a Frechet space which is isomorphic to 
C°°{U X U) by Schwartz's kernel theorem. Therefore holomorphic families of smoothing operators 
makes well sense and we may define holomorphic families of ^//DO's as follows. 

Definition 5.9. A family {Pz)zevt C ^^{U) is holomorphic when it can be put into the form 

(5.10) Pz=Pz{x,-iX) + Rz zGO, 

for some family {pz)zm G Hol(0, S*{U x E'^+^)) and some family {Rz)zm £ Hol(J7, ^"°°(C/)). We 
let Hol(J7, ^^([/)) denote the set of holomorphic families of '^hDO's. 

For technical sake it will be useful to consider the symbol class below. 

Definition 5.10. Sfi{U x M'^+i), kGR, consists of symbols p{x,0 G C°°{U x M'^+i) such that, for 
any compact K C U , we have 

(5.11) \d^dlpix,0\<CKapi^ + m)''-'^, ix,O^KxR''+\ 

Its topology is given by the sharpest constants Cxa/B 's in the estimates 115. 

Note that the estimates imply that S""([/ x M'^+i), m e C, is contained in S!^^{U x M'^+i) 

for any k > 3^m. 

Proposition 5.11. Let {Pz)zen be a holomorphic family of ^ hDO's. Then: 

1) {Pz)zen gives rise to families in }lol{Q, C{C^{U),C^iU))) and }lol{n, C{£'{U)),V'{U))). 

2) Off the diagonal ofUxU the distribution kernel of Pz is represented by a holomorphic family 
of smooth functions. 

Proof. Without any loss of generality we may suppose that Pz = Pz{x, —iX), with {pz)z<^n in 
Hol(17,5*(f7 X M'^+^)). Moreover, shrinking Q if necessary, we may also assume that the degree 
iTT-z of Pz stays bounded, as much so {pz)zen is contained in S^^{U x M'^+-^) for some real A; > 0. 
Let (Tj(x,^) denote the classical symbol of —iXj and set a = (ctq, . . . , ad). Then the proof of BGJ 
Prop. 10.22] shows that the map p{x, ^) p'^{x, ^) := p{x, (t(x, ^)) is continuous from S^^{U x M'^+^) 
to Sli{U X M'^+i). Thus, the family {p''z)zen belongs to Hol(0, S| 1 ([/ x M'^+i)). 

2 ' 2 n-r-— 1 2 ' 2 

Next, it follows from the proof of |Holl Thm. 2.2] that: 

(i) The quantization map q q{x,D) induces continuous C- linear maps from Si i{U x M'^^^) 
to £{C^iU),C^{U)) and to C{£'{U)),V'{U)); 

(ii) The linear map q{x,^) q^^y{x,y) is continuous from i{U x M.'^^^) to C°°{U) 

2 ' 2 

P' (M'^+i), in such way that for any q ^ S\ ^{U x ]R^+^) the distribution kernel q^-ty{x,x — y) of 

2'2 

g(x, D) is represented off the diagonal by a smooth function depending continuously on q. 

As a continuous C-linear map is analytic it follows that, on the one hand, {pz{x, —iX))z(^Q, gives 
rise to elements omo\{n, C{C^{U),C°°{U))) and Hol(17, C{£' [U)) ,V' {U))) and, on the other hand, 
the distribution kernel of Pz is represented outside the diagonal of f/ x [7 by a holomorphic family 
of smooth functions. □ 



32 



Definition 5.12. Let {Pz)zen C C{C^{U),C°°{U)) and for z e Q let kp^{x,y) denote the distri- 
bution kernel of Pz- Then the family {Pz)z(^n is said to be uniformly properly supported when, for 
any compact K C U there exist compacts Li C U and L2 C K such that for any z ^ il. we have 

(5.12) supp kp^{x, y) n (U X K) C Li and suppkp^{x,y) D {K x U) C L2. 

Proposition 5.13. Let {Pz)zen be a holomorphic family of ^hDO's. 

1) We can write Pz in the form Pz = Qz + Rz with {Qz)z&Q, £ Hol(ri, ^*^{U) uniformly properly 
supported and {Rz)zen G Bol{0,,'^^°°{U). 

2) Lf the family {Pz)zen is uniformly properly supported then it gives rise to holomorphic families 
of continuous endomorphisms ofC^{U) andC°°{U) and of£'{U) and'D'{U). 

Proof. Let {^Pi)i>o C C^{U) be a partition of unity which is subordinated to a locahy finite covering 
{Ui)i>o of U by relatively compact open subsets. For each i > let V'i C C^{U)i be such that 
ipi = 1 near supp^jj and set x(a;,y) = ^i{x)'^i{v) ■ Then x is a smooth function onU xU which 
is properly supported and such that xi^iU) = 1 ii^ar the diagonal of f/ x U. 

For z G Q let kp^{x,y) denote the distribution kernel of Pz and let Qz and Rz be the elements 
of C{C^{U),C^{U)) with respective distribution kernels 

(5.13) kQ^{x,y) = x{x,y)kp^{x,y) and kji^{x,y) = {I - x{x,y))kp^{x,y). 

Notice that since x is properly supported the family {Qz)z€n is uniformly properly supported. As 
by Proposition 15.111 the distribution kp^{x,y) is represented outside the diagonal of [/ x [/ by a 
holomorphic family of smooth functions, we see that {kR^{x,y)) is a holomorphic family of smooth 
kernels, i.e. {Rz)zen is a holomorphic family of smoothing operators. Since Qz = Pz — Rz it follows 
that {Qz)zen is a holomorphic family of ^'//DO's. Hence the first assertion. 

Assume now that {Pz)zen is uniformly properly supported. Thanks to Proposition 15.111 we 
already know that {Pz)zen gives rise to holomorphic families with values in C{C^{U), C°°{U)) and 
C{£' {U),V' {U)). Let K be a compact subset of U . Then (|5.12|) implies that there exists a compact 
Let/ such that for every z G the operator Pz maps C^iU) to Cf{U) and £'j^{U) to £'l{U), 
in such way that {Pz)z&n gives rise to holomorphic families with values in £(C^(C/), C£°(f7)) and 
C{£'j^{U),£'^{U)). In view of the definitions of the topologies of C^{U) and £'{U) as the inductive 
limit topologies of C'^{U) and £k{U) as K ranges over compacts of C/, this shows that the family 
{Pz)zen gives rise to elements of }lo\{VL,C^{U)) and YLo\{VL,£' [U)). 

Next, let ((/?i)i>o C C^{U) be a partition of unity. For each index i let Ki be a compact 
neighborhood of suppc/Pj. Then (|5.12|) implies that there exists a compact Li C U such that 
supp kp^{x,y) n {Ki X U) d Li for every z G f]. Let V'i £ C^{U) be such that ipi = 1 near Ki. 
Then we have 

(5.14) p^=Yl '^^^^ = Yl 

j>0 j>0 

Since each family {(piPzipi)zen is holomorphic with values in C{C°°{U)) and C{V'{U)) and the sums 
are locally finite this shows that {Pz)z&n gives rise to elements of Hol(r2, C°°{U)) and Hol(il, V'{U)). 

□ 

5.3. Composition of holomorphic families of ^fj^DO's. Let us now look at the analyticity 
of the composition of ^'//DO's. To this end we need to deal with holomorphic families of almost 
homogeneous symbols as follows. 

Definition 5.14. A family {qz)zen C S*i^{U x M'^+^) is holomorphic when: 

(i) The degree m{z) of qz is a holomorphic function on $7; 

(ii) The family {qz)z<^n belongs to }iol{n,C'^{U x M'^+i)); 

(Hi) For anyt>0 the family (g^(x,t.O - t"^'-''\zix,0)zen is in Hol(i7, S'-°^(C/ x M'^+i)). 
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We ZetHol(r2, S*^f^{U xM'^"'"^)) denote the set of holomorphic families of almost homogeneous symbols. 

Lemma 5.15. Let {qz)zen G Hol(J7, C°°([/ x Then we have equivalence: 

(i) The family {qz)zeQ belongs to Hol(r2, S*f^{U x M'^+^)) and has degree degree m{z); 

(a) The family {qz)zen lies in ilol{Q, S*{U x M*^"*"^)) and, in the sense of \5. 7}) , we have qz ^ Pz 
where, for every z G f], the symbol Pz belongs to S^(^z){U ^ M'^^^). 

Proof. Assume that {qz)zen is in }iol{Q, S*{U x and, in the sense of (|5.7jl . we have qz ^ Pz 

where, for every z & Q,, the symbol pz belongs to S^(z){U ^ M'^"''^). Then the order m{z) of qz is 
a holomorphic function on $7 and, for any compact subset K C U, any integer and any open 
il' CC 0, we have 

(5.15) \d^d^^{qz-Pz){x,0 < CNKn'a/sUW''' ^ 

for X K, W^^W > 1 and z £ $7'. It follows that, for any t > 0, the family {qzix,t.(,) — 

0}zen = {{qz{x, t.O-qz{x, t.i))-t^^-^\qz{x, i)-qz{x, e))}.eQ is contained in Hol(Q, 5— (C/x 
M'^+i)). Thus {qz)z&^ belongs to Hol(J7, 5*^(^7 x 

Conversely, suppose that {qz)z£Q, is contained in 'Ro\{Q., S*^{U x and has degree m{z). 

Then, for any t > 0, any compact K C U, any integer N and any open 0,' CC il, we have 

(5.16) \d^d^^{qz{x,t.O - t^^'Uz{x,0)\ < CtNKU'apil + UWr'' , 

for (x,^) G AT X M.'^^^ and z C Q,'. Then replacing ^ by s.^, s > 0, in 1)5.16^ shows that when 
N > sup^^Q, 5Rm(z) we have 

(5.17) \d:d^^{s"'^'kz{x,st.o - {str'^'Uz{x,s.o)\ < a^/rn'a/35^™(^)-^iieir'^ 

< CtNKn'af3S ■ 

for (x,0 & K X R'^+'^\0 and z £ Q'. 

Next, for /c C N let qz,k{x,^) = {2^)~"^qz{x,2^ .^). Then, for any compact K C U, any open 
Cl' CC and any integer N > sup^gQ/ ^rh{z), we have 

(5.18) \d^d^^iqz,k+iix,0 - qzAx,0)\ < C2NKn'ap2-'m\~'' , 

for (x,^) £ K X M'^"'"^\0 and z G ft'. This shows that the series Ylk>oilz,k+i — qz,k) is convergent in 
Hol(0,C~(C/ X (M'^+i\0))). Hence the sequence {qz,k)k>o converge~s in Hol(Q,C~(C/ x (R'^+i\0))) 
to some family {pz)z£n- In fact, taking s = 2^^ in H5.17() and letting k oo with t fixed shows 
that qz is homogeneous of degree m{z) with respect to the ^-variable. Moreover, for any compact 
K C U, any open fl' CC ft and any integer > sup^g^/ 5Rm(z), we have 

(5.19) i5^5f(Q,-p,)(x,e)i < j;ia:af(<?,,fc+i-<7,,,)(x,e)i <c2;vwa/3iieir^ 

for (x,^) C AT X (M'^+-'^\0) and z G fl', i.e. we have qz ~ Pz in the sense of (|5.7jl . □ 

Using Lemma [5.15l and arguing as in the proof of Lemma [5.3l we get the following characterization 
of holomorphic families of symbols. 

Lemma 5.16. Let {pz)z£n £ llol{Q, C°°{U x M'^+^)). Then we have equivalence: 

(i) The family {pz)z€n belongs to Hol(i7, S*{U x M.'^^'^)) and has holomorphic order m{z). 

(ii) For j = 0, 1, . . . there exists {qj,z)zen S Hol(r2, Sah{U x M'^+^)) almost homogeneous of degree 
m{z) — j so that we have pz ~ J2j>o sense of \5. 7| j. 
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Next, it is shown in |BGl Sect. 12] that, as for homogeneous symbols in (|4.16I) - H4.19|) . there is a 
continuous bihnear product, 

(5.20) * : S^^'iU X M'^+i) x Sf^^U x M'^+i) Sf'^'+^'^iU x M'^+i), 
which is homogeneous in the sense that, for any A € M, we have 

(5.21) {pi*P2)x=Pi,x*P2,x, Pj G 5^ (f/ X M'^+i). 
This product is related to the product of homogeneous symbols as fohows. 

Lemma 5.17 ( |BGl Sect. 13]). For j = 1,2 let pj G S'^^{U x ]R'^+^) have principal symbol pm^ G 
Sm.j{U X M'^+^). Then pi * pi lies in S^^^'^'^{U x M"'+-'^) and has principal symbol pm^ *Pm2- 

Furthermore, this product is holomorphic, for we have: 

Lemma 5.18. For j = 1,2 let {pj,z)zen C S*{Ux M'^+i) be a holomorphic family of symbols. Then 
iPi,z *P2,z)zen is a holomorphic family of symbols as well. 

Proof. For j = 1, 2 let mj{z) be the order oipj^z- Since mi(z) and m2{z) are holomorphic functions, 
possibly by shrinking Q, we may assume that sup^^Qmj{z) < k < oo. Then each family (Pj,2)zGf! 
belongs to Hol(17,5f([/ x M°'+i)). Since * is a continuous C-bilinear map from 5f ([/ X M"'+i) x 
S^iU X M^+i) to ^^(C/ X M^+i) we see that pi,^ * p2,z is in Hol(f^,5p(f/ x R^'+i)), hence in 
Hol(17, C°°(C/ X M°'+i)). 

Now, assume that pj ^, j = 1,2, is almost homogeneous of degree mj{z). Then using ()5.21|) we 
see that, for any A > 0, the symbol {pi^z *P2,z)x — A'^i^^^+'^^^^^pi^^ * P2,z is equal to 

(5.22) pi,z,x*Pi,z,x - A'"^(^)+'"^(^)pi,. *P2,. 

= {P1,Z,X - X"''^'^Pl,z)*P2,z + A'"l(^Vl,.,A * {P2,Z,X - y^'^'^P2,z)- 

Since (pi,,,A - A'-i(^)pi,,),eo and {p2,z,x - X"''^'^P2,z)zen both belong to }lol{Q,S-^{U x M'^+i)) 
combining this with the analyticity of * on S*^{U x M'^+^) shows that, for any A > 0, the family 

{pi,z*P2,z)x - A"^i(^)+™2(^)p^^^ *p2,2 belongs to Hol(17, S"°°{U x M'^+i)). Then Lemma EH implies 
that pi^z *P2,z is a holomorphic family of almost homogeneous of symbols of degree mi{z) + m2{z). 

In general, by LemmaEHlwe have pj^z ~ J2i>oPj,z,i, with ipj,z,i)zGn G Hol(ri, 5*i^(C/ x R'^+^)) 
of degree mj{z) — I and ~ taken in the sense of (|5.7|) . In particular, for any integer we have 
Pj,z = Ei<nP3,z,i mod Hol(0, Sf-^(C/ x M'^+i)). Thus, 

(5.23) Pi,z*P2,z= Yl Pi,z,i*P2,z,p modHol(0,5j'=-^(C/xM'^+i)). 

l+p<N 

As explained above {pi^z,i * P2,z,p)zen is a holomorphic family of almost homogeneous of symbols of 
degree mi{z) + m2{z) — I — p. It then follows from Lemma [5. 161 that {pi^z *P2,z)z&n is a holomorphic 
family of symbols. □ 

We are now ready to prove: 

Proposition 5.19. For j = 1,2 let {Pj^z)ze^ Hol(r2, ^|^(J7)) and suppose that at least one 

the families {Pi^z)zen or {P2,z)z£n is uniformly properly supported. Then the family {Pi,zP2,z)zGn 
is a holomorphic family of ^hDO's. 

Proof. By assumption (^1,^)26^ or {P2,z)zen is a uniformly properly supported holomorphic family 
of ^ jfDO 's, hence gives rise to e lemen ts of Hol(0, £(C~(;7))) and Hol(17, £(£:'(f/))) by Proposi- 
tion E^31 Moreover, Proposition 15.131 tells us that the other family at least coincides with a uni- 
formly properly supported holomorphic family of ^'j^DO's up to a holomorphic family of smoothing 
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operators. It thus follows that {Pi^zP2,z)zen is the product of two uniformly properly supported 
holomorphic families of ^'/^DO's up to a holomorphic families of smoothing operators. 

As a consequence we may assume that the families {Pi^z)z£n and {P2,z)zen are both uniformly 
properly supported. Thanks to 1)5. 14() this allows us to write 

(5.24) Pi,,P2,. = Yl ^iPi,zi^iP2,z, 

where {(pi)i>o C C^{U) and {ipi)i>o C C^{U) are locally finite families such that (ipi) is a partition 
of the unity and V'i = 1 iiear supp ipi . 

Next, for j = 1, 2 let us write P,- ^ = Pj,z{x, -iX) + Rj^z, with ipj,z)zen in Hol(l^, S*{U x R'^+^)) 
and {Rj,z)zen in Hol(0, ^'~°°(C/)). Since by Proposition 15.111 each family (pj^zix, —iX))z£n is 
holomorphic with values in C{C^{U),C°°{U)) and £{£'{U),V'{U)) using (Oil) we see that 

(5.25) Pi,zP2,z = ViPiA^^ -iX)^iP2,z{^, -iX) mod Hol(17, ^-°^{U)). 
At this stage we make appeal to: 

Lemma 5.20 Prop. 14.45]). For j = 1,2 let pj G S^^'{U x M'^+i) and let V' G Cr(t^)- ^^^en.- 



(5.26) pi(x, -iX)ipp2{x, -iX) = pii^^P2{x, -iX), 

where #^ is a continuous bilinear map from Sf^'{U x M'^+i) x Sf^^U x M-^+i) to S^^'^''^{U x M^+i). 
Moreover, for any integer N > 1 we have 

(j) 

(5.27) pi#^p2 =Y.Y. ha^^MDlpi) * iCd^d^P2) + RnApi^P2), 

j<N af3"/5 

where the notations are the same as in Proposition \4. y[ and Rn,iP is a continuous bilinear map from 
Sf'^'iU X M'^+i) X Sfmu X M'^+i) to 5^'^+*^^-^(C/ x M'^+i). 

Remark 5.21. The continuity contents of Lemma I5.2UI is explicitly stated in Proposition 14.45 of 
|BGj . but they follow from its proof or from a standard use of the closed graph theorem. 



Now, thanks to Lemma l5.2Ul we have 
(5.28) Pi,zP2,z = Pz{x, -iX) + Rz, Pz = Yl ^iPi,z#AP'2,z- 

Furthermore, possibly by shrinking 0, we may assume that there is a real k such that for j = 1,2 
we have ?R.oi:dpj^z ^ k for any z € il. Then the continuity contents of Lemma 15.201 imply that 
(,Pz)z£n belongs to Hol(r2, S?^{U x M'^+-'^)) and for any integer > 1 we can write 



{r-s-t) 

(5.29) p^=Y2 Qr,z + Rn,z, qj,z = ^ haf3<y5{D^^Pl,z) * {Cdxd^P2,z), 

r<N al3"/S 

where {RN,z)zen := {J2i>o^^RN,^M,z,P2,z))zen is in Hol(0, 5j'=-^([/ x M^+i)). Thanks to 
Lemma 15.181 the family {qr;z)z£n is in ILol{Q, S*{U x M'^+^)) and has order mi{z) + m2{z) — r. 
Therefore, we have pz ~ X^j>o Ih^ in the sense of 1)5. 7|) . which by Lemma 15. 181 implies that {pz)z&n 
belongs to Hol(0,5*(C/ x M^+^)). Combining this with ^^TM^ then shows that (^1,^^2,^)26^ is a 
holomorphic family of ^'//DO's. □ 
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5.4. Kernel characterization of holomorphic families of ^DO's. We shall now give a char- 
acterization of holomorphic families of ^'/^DO's in terms of holomorphic families with values 
in }C*{U X M"^^^). Since the latter is defined in terms of asymptotic expansions of kernels in 
IC^{U X M'^+i) (c/. Definition EHH) a technical difficulty occurs, because for a family {Kz)zen C 
/C*(f7 X M'^+i) logarithmic singularities may appear as the order of Kz crosses non-negative integer 
values. 

This issue is resolved by making use of holomorphic families of almost homogeneous distributions 
as follows. 

Definition 5.22. A family iKz)zen C }C*^f^{U x is holomorphic when: 

(i) The degree m{z) of Kz is a holomorphic function on Q; 

(ii) The family {Kz)zen belongs to Rol{Q, C°°{U) V'^^g{W^+^)) ; 

(Hi) For any X>0 the family {Kz{x,X.y) - X^'^'''^ Kz{x,y)} zan is in Rol{n,C°°{U x M'^+i)). 
We let Hol(r2, /C*^(C/ x denote the set of holomorphic families of almost homogeneous dis- 

tributions. 

Lemma 5.23. Let {Kz)zen ^ Hol(17, C°°(f/) (g, T>[.^y{R'^+^)) . Then we have equivalence: 

(i) The family (Kz)z£n belongs to Hol(r2, /C*^(C/ x R'^+-^)) and has degree m{z). 

(ii) We can put {Kz)z&Q. into the form, 

(5.30) Kz{x,y) = pz,s_^y{x,y) + Rz{x,y), z^VL, 

for some family {pz)zen G ^'^K^^ '^Ihi^ ^ M'^^"'^)) of degree rh{z) := —{m{z) + d + 2) and some 
family {Rz)zm e Ro\{Vt,C°^{U x M'^+i)). 

Proof. Assume that the family {Kz)z(^n belongs to Hol(n, /C*j^(C/ x M'^+-^)) and has degree m{z). 
Let Lp e C^{U X 1^*^+^) be such that ip{y) = 1 near y = and set pz = {ip{y)Kz{x,y))y-^^. Thus, 

(5.31) Kz{x, y) = pz,^^y{x, y) + {l- ^{y))Kz{x, y) = Pz,^^y{x, y) mod Hol(0, C^{U x M'^+i)). 

As {(p{y)Kz{x,y))zen is in Hol(r2, C°°(C/) (E><S'^(IR'^^^) with L = suppv9, we see that {pz)zen belongs 
to Hol(r^, C°°{U X M"'+^)). Furthermore, thanks to for any A > we have: 

(5.32) p,(x,A.O-A-(^)p,(x,0 = 

X-'-^+''>[{^{X-\y) - m)Kz{x, X~\y) + ip{y){Kz{x, X-\y) - A-™ir,(x, y))]^^^(x, 0- 

Since the r.h.s. above is the Fourier transform with respect to y of an element of Hol(r2,C^(C/ x 
^ Uolin, S~°°{U X M'^'+i)) we see that (p^(x, A.^ - A^(^)p^(x, 0)^en is in Hol(17, 5-~(C/ x 
j^d+i-j-j £qj, g^j^y _\ > Q ^ Comblmng this with Lemma f5.15l then shows that {pz)zeU is a family of almost 
homogeneous symbols of degree m{z). Conversely, let {pz)z<^Q. G Hol(0,5*h(C/ X M'^+i)) be almost 
homogeneous of degree rh{z). Possibly by shrinking 17 we may assume that we have sup^g^ '^rh{z) < 
k<oo. Then the family {pz)zen belongs to Hol(Sl, S'frXC^ x M'^+i)), hence to Hol(0, ([/ x M'='+i)). 

2 2 

As mentioned in the course of the proof of ProDosition l5.111 the map q{x, ^) q^^y{x, y) is analytic 
from Sl^{U X to C°°(C/) ® V',^^{W^+^), so the family {Pz^i^y)z&n lies in Ylo\{n,C°°{U) ® 

Next, using (|4.23p we see that, for any A > 0, we have 

(5.33) Pz,^-.y(,x,X.y) - A'"(%,5_,(x,y) = b.(x, A'^O " X-'^^'^pz{x,0]^^y{x,y). 

Since by Lemma 15.151 the r.h.s. of ()5.33|) is the inverse Fourier transform with respect to ^ of an 
element of Rol{Q, S^°°{U x ]R'^+^)) we see that the family {pz^^^y{x, X.y) — X'^^^^pz,^->y{x,y)}zen 
is contained in Hol(r2, C°°{U x R'^"'"^)). It then follows that {pz^^^y)z£n is a holomorphic family of 
almost homogeneous distributions of degree m{z). □ 
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Definition 5.24. A family {Kz)zen C }C*{U x M'^+i) is holomorphic when: 
(i) The order ruz of Kz is a holomorphic function of z; 

(a) For j = 0,1,.. there exists {Kj^z) S Hol(r2, /C*^([/ x R'^+^)) of degree m{z) + j such that 
Kz ~ X]j>o in the sense that, for any open 0,' CC 0, and any integer N, as soon as J is large 
enough we have 

(5.34) Kz-Y^ Kz,m.+j G Hol(17', C^{U x M^+i)). 

j<J 

Proposition 5.25. For a family {Kz)z^n C K,*{U x M'^+^) the following are equivalent: 
(i) The family {Kz)zen is holomorphic and has order m{z). 
(a) We can put (Kz)z&n into the form, 

(5.35) Kz{x,y) = {Pz)'^^y{x,y) + Rz{x,y), 

for some family {pz)z£n £ Hol(r2, S*{U x M*^^^)) of order m(z) := — (m(z) + d + 2) and some family 
(i?,),6n eHol(J^,C-(C/xM'^+i)). 

Proof Assume that {Kz)zen belongs to Rol{n,IC*{U x M^+i)). Let <f G C°°(M^+i) be such 
that Lp{y) = 1 near y = and for z £ Q let Pz = {if{y)Kz{x,y))^_^^. Since {Kz)z(^n lies in 
Rol{n,C'^{U)0V'^^g{R'^+^)) we see that {pz)z€n belongs to Hol(17, C°°(C/ x M°'+i)) and we have 

(5.36) Kzix,y) = (p.)5%(x,y) + (1 - ^{y))Kz{x,y) = {pz)^^^yix,y) modRo\{n,C°°{U x U)). 

Let us write Kz ~ Z^j>o ^j,2 with {Kj^z)z<^n G Hol(17, /C*ij(f/ x M"'+^)) of degree m(z) +j and ~ 
taken in the sense of ()5.34|) . For j = 0, 1, ... we let pj^z = i'f{y)Kj^z)zen- Then arguing as in the 
proof of Lemma l5.2l'{l shows that {pj,z)zGfi is a family in Hol(f2, S*^{U x M'^^^)) of degree m(z) — j. 

Next, in the sense of (|5.34|) we have iPz)'^^y{x,y) ~ Sj>o(f'i,z)^-^y(^' y)- Under the Fourier 
transform with respect to y this shows that, for any compact L C U, any integer N and any open 
0' CC 0, as soon as J is large enough we have estimates, 

(5.37) \d^d^^(j,z - Y{ipiy)Ka^,y))^_^^){x,0\ < Cn'NJL^l + 1^)-^''^'^ 

for (x,^) G L X M'^+^ and z G Q,'. Hence pz ~ '}2j>oPJ:^ sense of ()5.7() . It thus follows 

that (pz)^^^? is in Hol(r2, S*{U x M'^+^)) and has order m{z), so using (|5.lffi|) we see that the family 
{Kz)z<^n is of the form (|5.35jl . 

Conversely, assume that {Kz)zeci is of the form Kz{x,y) = ipz)'^^y{x,y) + Rz{x,y) for some 
family {pz)z£n in Hol(n, S*{U x R'^+^)) of order m{z) := —{m{z) +d + 2) and some family {Rz)zen 
in Hol(f^, C°°(C/ X M'^'+i)). By Lemma UnT)! we have pz ~ Ej>oPi,z '^^^^ iPj,z)z&n G Hol(0, S'*j^(C/ x 
M^^^)) of degree m{z) — j and ~ taken in the sense of (|5.7)) . Thus, under the inverse Fourier 
transform with respect to ^, we get an asymptotic expansion {pz)^_^y ~ Ylj>oiPj,z)'^^y in the sense 
of (|5.H4j) . As LemmaE2Sltells us that {{pj,z)^^y)zen is a holomorphic family of almost homogeneous 
distributions of degree 7h{z) + j, it follows that {{pz)'^^y)z€n is a family in Hol(r2,/C*(f7 x ]R'^+^)) 
of order m{z). Since {Kz)zen agrees with {{pz)^^y)zefi up to an element of Hol(0,C°°(f7 x [/)), 
the same is true for {Kz)z£n- D 

We are now ready to prove the kernel characterization of holomorphic families of ^'//DO's. 

Proposition 5.26. Let {Pz)zen G Hol(0, £(C^°°(f7), C°°(t/))). Then the following are equivalent: 
(i) The family {Pz)zen is a holomorphic family of hDO's of order m{z). 
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(ii) There exist {K ^) ^(zn e Hol(ri, /C*(C/ x M'^+^)) of order m{z) := -(m(z) + (i+2) and {Rz)zen S 
Hol(J7,C°°(C/ X ?7)) siic/i that the distribution kernel kp^{x,y) of Pz is of the form 

(5.38) kp^ix,y) = \^|J'JPzix,-e,iy)) + Rz{x,y), 

where ipx denotes the coordinate change to the privileged coordinates at x. 

(Hi) There exist {Kpjz&n G Rol{n,}C*{U x M^+i)) of order m{z) := -{m{z) + d + 2) and 
{Rz)zen £ Hol(0, C°°(C/ x U)) such that the distribution kernel kp^(x,y) of Pz is of the form 

(5.39) kp,{x,y) = \e'jPz{x, -ex{y)) + Rzix,y). 

where Ex denotes the coordinate change to the Heisenberg coordinates at x. 

Proof. First, it follows from 1)4. 27(1 and Proposition 15.251 that (i) and (ii) are equivalent. 

Next, for x £ U let (px denote the transition map from the privileged coordinates at x to the 
Heisenberg coordinates at x. Recall that the coordinate changes (px, x G U , give rise to an action 
on distributions on U x R°'+^ given by 

(5.40) K{x,y) 4>lK{x,y), (P*xK{x,y) = K{x,^-\y)). 

Since (px depends smoothly on x, this action gives rise to continuous linear isomorphisms of 
C'^{U X M'^+^), > 0, and C^{U x 1^^^+^) onto themselves, hence to analytic isomorphisms. 
Moreover, since (/'^(O) = this also yields an analytic isomorphism of {U)<§5T>[^^{W^^^) onto 
itself. Combining this with the homogeneity property 1)4. 31() we then deduce that (|5.4U|) induces 
linear isomorphisms of Hol(r2, 1C*^{U x ]R°'+^)) and Hol(r2, 1C*{U x M'^+^)) onto themselves. Together 
with ()4.29|) this shows that the statements (ii) and (iii) are equivalent. □ 

5.5. Holomorphic families of '^'DO's on a general Heisenberg manifold. Let us now define 
holomorphic families of ^'//DO's a general Heisenberg manifold. 
First, the following holds. 

Lemma 5.27. Let {Kz)z(^n £ Hol(r2,/C * ([/ x M'^+^)) and assume there exists integer N such that 
inizen'SiovdKz > 2N. Then the family {Kz)zen is contained in Hol(17,C^(?7 x M°'+i)). 

Proof. Thanks to Proposition 15.261 we may assume that Kz is of the form Kz{x,y) = Pz,£_^y{^-,y) 
with {pz)zen in Hol(0, S*{U x M'^+^)). As we have -{^oidpz + d + 2) = Kord/C^ > 2N we see that 
{pz)z^Q, is contained in Hol(r2, 5|| (2^+'^+2)^[7 ^ 1^*^+^)). Since the map p P^^y is continuous from 
Sf^{U X M^+i) to C°°{U)(g>C^{U X M'^+i) (see [PoH]), it follows that {Kz)zen lies in Rol{Q, C^{U x 
M^+i)). □ 

Lemma 5.28. 1) Assume k < —{d + 2) and set N = [—^-^-^^]. Then the map p Pi—^y 'is 
continuous from S^^{U x M'^+i) to C'^{U)®C^{U x W^+^). 

2) For 5Rm > u;e have IC'^iU x M^+i) c C°^(C/)®C[^l(R"'+i). 

Proposition 5.29. Let U be an open subset of W^~^^ together with a hyperplane bundle H C TU 
and a H -frame of TU and let (p : {U, H) (U, H) be a Heisenberg diffeomorphism. Then for any 
family {Pz)zen G Hol(0, ^'^(f/)) the family {Pz)zen ■= {(p*Pz)zen is contained in Hol(Q, ^'|^(t/)). 

Proof. For x G U and x G U \et Ex and ix denote the coordinate changes to the Heisenberg 
coordinates at x and x respectively. Then by Proposition 15.261 the distribution kernel kp^{x,y) of 

Pz is of the form 

(5.41) kp{x,y) = \e'x\Kp{x,-ex{y)) + Rz{x,y), 
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with {Kpjzen in Hol(Q,/C*({7 x [/)) and iRz)zen m Bol{n,C^{JJ x M.'^+^)). Then the proof of 
Proposition 14.191 in |Po8j shows that the distribution kernel kp^{x,y) of Pz takes the form, 

(5.42) kp^{x,y) = \e',\Kp^{x,-e^,{y)) 

+ (1 -x(a;,-ea'(y)))|e^(^)|i^P^(</'(x),-e<^(^)((/)(y))) + ^^(0(x),(/>(y)), 

where we have let 

(5.43) Kp^{x,y) = xix,y)\dy^ix,y)\Kp^{(l){x),<^{x,y)), <^ix,y) = -e^^^) o (j) o e~^{-y), 

and xix, y) G C'^{UxW^^^) is supported on the open subset = {(x, y) G ?7xM'^+^; e~^(— y) G [/}, 
is properly supported with respect to x and satisfies xi^^y) = 1 near U x {0}. In particular, we 
have 

(5.44) kp^{x,y) = \e'jKp^{x,-e^{y)) mod Hol(17, C°°([/ x [/)). 

Let us now prove that {Kp^)z£n is an element of Hol(0,/C*(C/ x 1^^^+^)). To this end, possibly by 
shrinking $7, we may assume that inf^gQ ^'m{z) > fi > —oo. Moreover, the proof of Proposition l4. 19l 
in |Po8j shows that for any integer A'^ we have 

3 

(5.45) Kp^{x,y)=Y, E K^^A^^v) + J2^Nli^^y^' 

{a)<N ■^{a)<(l3)<'^N i=l 

(5.46) K^f^A^,y) = a^f,{x)y''{d'^KpJ{(t>{x),(t>'H{x)y), 

where the smooth functions Oapix) are as in Proposition 14. 19l and the remainder terms R^^ ^{x,y), 
j = 1, 2, 3, take the forms: 

- R^NAx,y) = Y.{a)<NT.^=lN^Ma{x,y)y'^{d1KpJ{(t){x),(t)'H{x)y) for some functions rcp{x,y) 
in C^iU X R'^+i); 

- R%]z{^^y) = J2(fi)=NJ2(i3)=lNlorai3{t,x,y){y/^d^KpJ{(l){x),t^{x,y) + (1 - t)(p'H{x)y)dt, for 
some functions ra^{t,x,y) in C°°{[0, 1] x U x R^^^); 

- R%]z{x,y) = E(a><ivE|(a><^<|jv(l -X(2;,2/))i^a/3,^(x,y). 

Observe that the map <I>(x, y) = ((^(x), cj)'^{x)y) is a smooth diffeomorphism from U x M'^+^ onto 
U X W^'^'^ such that <I>(x,0) = ((/)(x),0) and <I>(x,A.y) = {(j){x), X.(j)'jj{x)y), so along similar lines as 
that of the proof of Proposition 15.261 we can prove that the map 

(5.47) V'{U X M'^+^) B K{x, y) — > K{<j){x), cp'H{x)y) G V'{ij x R'^+^) 

gives rise to a linear map from Hol(r2, /C*(f/ x M'^+^)) to Hol(17,/C*(?7 x M'^+^)) preserving the 
order. Therefore, the family {Kai3A^^y))z&n is contained in Hol(r2, /C*(C/ x M'^+^)) and has order 
m{z) + - (a). Incidentally, the term (i^j^Jj^en belongs to Yio\{Q.,C°°{U x M'^+i)). 

On the other hand, if < (l3) = ^N then the order rhap{z) = m{z) + (/S) — (p) of the family 
{fd^KpJzm G Hol(0,/C*(C/ X W^+^)) satisfies ^rh^p{z) > ^m{z) + i(6^ > ^ + f • Therefore, 
it follows from Lemma 15.271 that, for any integer J, as soon as is large enough {y^d'^Kp )zen 
is in ILol{Q, C'^{U x M'^^^)), as much so the remainder terms {R^^^Jzen and {R^^^^)z£n are in 
Hol(S7,C-^([/ X M'^+i)). 

All this shows that in the sense of 1)5. 34() we have Kp^{x, y) ~ Yli'i{oi)<(^ Ka/3,z{x, y), which implies 
that {Kpjzm belongs to Hol(ri, /C*(C/ x R'^+i)). Combining this with and Proposition !^:^ 

then shows that {Pz)z&n is a holomorphic family of ^'//DO's. □ 
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Now, let {M'^^^,H) be a Heisenberg manifold and let if be a smooth vector bundle over M. 
Then Proposition 15.291 allows us to define holomorphic families with values in ^*jj(M,£) as follows. 

Definition 5.30. A family {Pz)zen C ^'^(M, <?) is holomorphic when: 

(i) The order m{z) of Pz is a holomorphic function of z; 

(ii) For if and %[) in C^{M) with disjoint supports {<pPz4^)zefi ^-^ holomorphic family of smooth- 
ing operators (i.e. is given by a holomorphic family of smooth distribution kernels); 

(Hi) For any trivialization t : £y — > [/ x C" over a local Heisenberg chart k : U ^ V C M.'^^^ the 
family {K^T4Pz\^))zen belongs to Hol(0, C)) := Hol(rj, EndC^ 

All the preceding properties of holomorphic families of ^'//DO's on an open subset of M'^+i hold 
verbatim for holomorphic families with values in ^*jj(M,£). Moreover, we have: 

Proposition 5.31. The principal symbol map : ^^{M,£) — > S^{q*AI,£) is analytic, in the 
sense that for any holomorphic family {Pz)zen C ^'^(M, <S) the family of symbols {cr^{Pz))zen is 
in Hol(O,(7°°(0*M\O,Endf)). 

Proof. Let {Pz)zen C \1'^(M, <?) be a holomorphic family of "Jf/fDO's of order m{z) and let us show 
that the family of symbols {cr^,{Pz))zen belongs to Hol(i7, C°°(g*M \ 0, End <f)). Since this a purely 
local issue we may as well assume that {Pz)zen is a holomorphic family of scalar ^'/^-DO's on a 
local trivializing Heisenberg chart U C M"'^^. 

By Proposition 15.261 we can put the distribution kernel of Pz into the form, 

(5.48) kp^{x,y) = \e'jKp^{x, -e^{y)) + Rzix,y), 

with {Kpjzen G Hol(17,/C*(C/xR'^+i)) of order m(z) = -{m{z)+d+2) and {Rz)zen G Hol(f7, C~(C/x 
[/)). Let if e C°°(M'^+i) be such that ^p{y) = 1 near y = and let pz = {^p{y)Kp^{x,y))^^y. Then 
the proof of Proposition 15 . 25l shows that {pz)zen is a holomorphic family of symbols. Moreover, we 
have 

(5.49) Kp^{x,y) = (p,)^%(x, y) + (1 - (^(y))i^P, (x, y) = (p,)^%(x,y) mod Hol(17, C°°(C/ x [/)). 

Let z G O and let K^^z) G ^m{z){U x ]R^+^) be the principal kernel of Kp^. Then 
and Proposition 14.151 show that the leading symbol of pz is the restriction to C/ x (1^^^+^ \ 0) of 
{K^(^z))y-^^- Since the latter is equal to (Trn{z)[Pz)-, we see that the leading symbol of pz is just 
^rn(z)iPz)- Since {pz)zen is a holomorphic family of symbols it then follows from Remark 15.81 that 
the family {crm{z)iPz))z(^Q belongs to Hol(17, C~(C/ x (M'^+i\0))). The proof is thus achieved. □ 

5.6. Transposition and holomorphic families of ^'//DO's. Let us now look at the analyticity 
and anti-analyticity of taking transposes and adjoints of ^'//DO's. 

Proposition 5.32. Let {Pz)zen C ^'^(M, <f) be a holomorphic family of '^hDO's. Then the 
transpose family (Pj) C ^*^{M,£*) is a holomorphic family of hDO's. 

Proof. For z E 17 let kp^{x,y) denote the distribution kernel of Pz. The distribution kernel of P* is 
kp^{x, y) = kp^{y, x)*, hence is represented outside the diagonal by a holomorphic family of smooth 
kernels. Therefore, we need only to prove the statement for a holomorphic family of scalar ^'//DO's 
on a Heisenberg chart U C M'*^^, as we shall now suppose that the family {Pz)zen is. In addition, 
there is no loss of generality in assuming that the order m{z) of Pz is such that there exists /i G M 
so that 3^771(2:) > /i for any z G 17. 

Next, thanks to Proposition 15.261 the kernel of Pz is of the form 

(5.50) kp^ = \e'jKp^{x,-e^{y)) + Rzix,y), 



41 



with (KpJ^gn in Hol(Q,/C*(C/ x M^+i)) and (iJj^en in Hol(0,C°°(?7 x [/)). Then the proof of 
Proposition 14.211 in |Po8j shows that we can write 

(5.51) kp^ix,y) = \e'jKpt{x,-e^{y)) + {I - xix,-exiy)))\ey\Kp^{y,-ey{x)) + R^{y,x), 
where we have let 

(5-52) Kpt{x,y) = xix,y)\e'J-'^\ey\Kp^{e~'^{-y),-e^-i^_y^{x)), 

and the function x{x,y) G C°°{U x M'^+-'^) is supported in the open subset U = {{x,y) ^ U x 
W^'^^; e~^{—y) G f/} and is in such way to be properly supported with respect x and to be equal 
to 1 near U x {0}. In particular, we have 

(5.53) kpt{x,y) = \e'^\Kpt{x, -e^(y)) mod Hol(Q, C°°(?7 x [/)). 

Moreover, as shown in |Po8j . for any integer A*" we have 



(TV) 4 

(5.54) Kpt{x,y)= ^ Kaf3^s,z + ^RN,z{x,y), 

a,l3,j,S j=l 

(5.55) K^f,^s,z = a^p^s{x)y^^\d2d^Kp^){x, -y) 



where the smooth functions aaj3-f5{x) are as in Proposition 14.211 the summation goes over all the 

1(a) < (/^ < 



multi-orders a, (3, 7 and 5 such that (a) < N, |(a) < < IN and I7I < \5\ < 2\^\ < 2N and the 



remainder terms R^^\{x,y) take the forms: 

-Rn]z = E(q)=tv E(6^=f(a) Wx\~^Wy\ lo rNaf3it,x,y){y(^d^KpJ{£-\-y),<^>t{x,y)), wheretheiunc- 
tions r]\fai3{t,x,y) are in C°°([0, 1] x f7 x M"^"*"^), the equality k=^l means that k is equal to |/ if |/ 
is integer and to |/ + ^ otherwise, and we have let ^t{x,y) = —y + t{y — ^e-i(_j;)(a^)); 

- R%\{x,y) = E(i3)=lNrNa{x,y)yf'{d'^KpJ{e-H-y),-y) with rjva(x,y) in C^{U x M'^+i); 
- /?!^?,(x,y) = Eh=tvEtv<|5|<2TV W(^)/+'/o (1 -^r^H^I^^^^ 

- RN]z(^^y) = ES,7,5(1 - X{x,y))Ka/3yS,z- 

Each family {Kai3^5^z)zen belongs to Hol(0,/C*([/ x M'^+-'^)). Moreover, the remainder term R^^\ 
belongs to Hol(r2, C°° {U xM!^^^)) and, along similar lines as that of the proof of PropositionE^Sl we 
can show that for any integer J the other remainder terms {R^^\)z£n are in Hol(r2, {U x W^'^'^)) 
as soon is large enough. Therefore, we have Kpt ~ Yli'^{cij<(j}) Z]|7|<|5|<2|7| ^af3yS,z in the sense 
of 1)5. 34|) . which means that Kp^^ belongs to Hol(r2, }C*{U x 1^^^+^)). Combining this with ()5.53p and 
Proposition 15.261 shows that {P^)z£n is a holomorphic family of ^'/^DO's. □ 

Assume now that M is endowed with a density > and £ with a Hermitian metric. Then 
Proposition 15.321 allows us to carried out the proof of Proposition 14.311 in the holomorphic setting 
as much so to get: 

Proposition 5.33. Let {Pz)zefi C ^'^(M, £") be a holomorphic family of^nDO's. Then the family 
{P*)z£n C '^*fj{M,£*) is an anti-holomorphic family of hDO's, in the sense that (P.^)z<zq is a 
holomorphic family of "^hDO's. 
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6. Complex powers of hypoelliptic differential operators 



In this section we will show that the complex powers of a positive hypoelliptic differential op- 
erator, a priori defined as unbounded operators on L^(M, give rise to a holomorphic family of 

Since we cannot carry out in the Heisenberg setting the standard approach of Seeley [Sej to the 
complex powers of elliptic operators, we will rely on a new approach based on the pseudodifferential 
representation of the heat kernel of |BGSj . which extended to the Heisenberg setting the results 
of [Urel. 

This section is divided into two subsections. In the first one we recall the pseudodifferential 
representation of the heat kernel of a hypoelliptic operator of [BdSj . and in the second one we deal 
with the complex powers of a positive hypoelliptic operator. 

Throughout this section we let (M*^^^ , H) be a compact Heisenberg manifold endowed with a 
positive density and let £^ be a Hermitian vector bundle over M of rank r. 

6.1. PseudodifTerential representation of the heat kernel. Let P : C°°{M,£) C°°{M,£) 
be a selfadjoint differential operator of even (Heisenberg) order v which is bounded from below and 
has an invertible principal symbol. In particular, P is hypoelliptic with loss of ^-derivatives by 
Theorem 14.321 

Since P is bounded from below it generates on L?'{M, £) a heat semigroup e~*^ , t > 0. In fact, for 
t > and for any integer k>l the operators p^e~*^ and e~^^P^ coincide and are bounded. Thus 
g-tp jj^a^pg continuously L?{M,£) to nfc>odomP'^, which is just C°°(M, £^) since P is hypoelliptic 
with loss of ^-derivatives. 

Moreover, as e~*^ is selfadjoint it defines by duality a continuous map from 2?'(M, £) to L'^{M, £). 
Since e~^^ = e~^^l'^e~^^l'^ it follows that e~^^ extends to a continuous map from T>'{M^E^ to 
C°°(M, iS), that is e~*^ is smoothing. In particular, e~^^ is given by a smooth kernel kt{x,y) in 
C°°(M X M,£M{£ |A|(M))), where |A|(M) denotes the bundle of densities on M. 

On the other hand, the heat semi-group allows us to invert the heat equation. Indeed, the 
operator given by 

/■oo 

(6.1) Qof{x,t)= e-'^f{x,t- s)dt, f€C^{MxR,£), 

Jo 

maps continuously into C°(M, L^(M, f )) C 'D{M x R,£) and satisfies 

(6.2) {P + dt)Qof = Qo{P + dt)f = f yueC^iM xR,£). 

Notice that the operator Qq has the Volterra property of [Pij, i.e. it has a distribution kernel of 
the form KQ^{x,y,t — s) with KQg{x,y,t) supported outside the region {t < 0}. Indeed, at the 
level of distribution kernels the formula 1)6.11) implies that we have 

(6.3) A«.(.,,,t) 

The above equalities are the main motivation for using pseudodifferential techniques to study 
the heat kernel kt{x,y). The idea is to consider a class of ^//DO's, the Volterra ^'//DO's, taking 
into account: 

(i) The aforementioned Volterra property; 

(ii) The parabolic homogeneity of the heat operator P + dt, i.e. the homogeneity with respect to 
the dilations, 

(6.4) A.(C, r) = (A.C, AV), (C, r) G A / 0. 

In the sequel for g e 5'(M'^+2) and A / we let gx be the tempered distribution defined by 

(6.5) (5A(e, r), /(C, r)) = {Xr^'+'+^HgiC, r), /(A'^C, A'V)), / G 5(-'^+2^ 
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Definition 6.1. A distribution g E 5'(M'^^^) is parabolic homogeneous of degree m, m £ Z,, when 
we have g\ = X'^g for any A 7^ 0. 

Let C_ denote the complex halfplane {9r < 0} with closure C_ C C. Then: 

Lemma 6.2 f pT^ Prop. 1.9]). Let g(C,r) G C°°((M'^+i x M) \ 0) be parabolic homogeneous of 
degree m and such that: 

(i) q extends to a smooth function on (M'^+i X C_) \0 which restricts on W^^'^ x C_ to an element 
o/C°°(M'^+i)®Hol(C_). 

Then there exists a unique distribution g E 5'(M'^~''^) agreeing with q on \ and such that: 

(a) g is parabolic homogeneous of degree m; 
(Hi) The inverse Fourier transform g{x,t) vanishes for t < 0. 

Let U be an open subset of R'^^^ together with a hyperplane bundle H C TU and H- frame 
Xq, . . . , X[i of TU. We define Volterra symbols and Volterra ^'ji/DO's as follows. 

Definition 6.3. 5'v,m(C/xM°'+i xM(^)), m G consists of functions q{x,i,T) in C°°(C/x (M^+^^O)) 
such that: 

(i) q{x, X.t A^'r) = X'^qix, ^, r) for any (x, ^r) £U x \ 0) and any A / 0; 

(a) q{x,^,T) extends to an element of C°°{U x [(M'^+^ x C_) \ 0]) in such way that its restricts 
to an element ofC°°{U x M^+i)® Hol(C_) on U x M'^+i x C_. 

Definition 6.4. S'™(C/ x R'^+i x M(^)), m e Z, consists of functions q{x, ^, r) in C°°{U x W^+^ x M) 
with an asymptotic expansion q ~ '^j>oQm~j , Qi £ Sv,m{U x M.'^^'^ x M(-^)), in the sense that, for 
any integer N and any compact K C U, we have 

(6.6) |5,"5fa,^(<z- ^g^_,0(x,e,r)| <C^i,„;3fc(||ell + |r|^/'')™-^-*^-^^ 

j<N 

for x £ K and |^| + |t|« > 1. 

Definition 6.5. Let q{x, ^, r) E S^^m{U x x ]R(„)) and let g G C~(t/)(g)5'(M^+i) be the unique 
homogeneous extension of q provided by Lemma \(). i\ Then we let qmix,y,t) denote the inverse 
Fourier transform of g{x,^,T) with respect to the variables (C,t). 

Remark 6.6. The above definition makes sense since it follows from the proof of Lemma |6.2I in 
|BGSj that the extension process of Lemma applied to every symbol g(j;, ., .), x E C/, is smooth 
with respect to x, so really gives rise to an element of C°°{U)®S' {W^^"^). 

Definition 6.7. '^^^{U x M(t,)), m G Z, consists of continuous operators Q : C^{Ux x M^) — > 
C°°{Ux X Mf) such that Q has the Volterra property and can be put into the form 

(6.7) Q = q{x,-iX,Dt) + R 
with q in S^J'iU x M'^+i x M(^)) and R in ^'~°°(C/ x M). 

It is immediate to extend the properties of \I'//DO's on U alluded to in Section^ to Volterra 
^'/fDO's on [/ X R except for the asymptotic completeness as in Lemma 14.71 which is crucial for 
constructing. The problem is that the cut-off arguments of the classical proof the asymptotic 
completeness of standard ^DO's cannot be carried through in Volterra setting because we require 
analyticity with respect to the time covariable. A proof of the asymptotic completeness of Volterra 
^DO's is given in [Pij, but simpler proofs which can be carried out verbatim for Volterra ^//DO's 
can be found in |Po5j . 

On the other hand, thanks to the Volterra property the kernels of 'I'/zDO's can be characterized 
as follows. 
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Definition 6.8. K,^.m{U x R°+-^ x M(^)), m e Z, consists of distributions K{x,y,t) in C°°{U) (g) 
(i) The support of K{x,y,t) is contained in U 

(a) K{x,y,t) is parabolic homogeneous of degree m with respect to the variables {y,t). 

Definition 6.9. /C™(C/xM'^+i xM(^)), m e Z, is the space of distributions K{x,y,t) inV'{UxW^+^) 
which admit an asymptotic expansion K ~ "^jyQ ^m+j , Km+j G lC^^rn+j{U x R'^"'"^), where ~ is 
taken in the sense of 

In the sequel, for x G C/ we let ipx and Ex respectively denote the changes of variable to the 
privileged coordinates and the Heisenberg coordinates at x. Then, along the same lines as that 
of the proofs of Proposition 14. 16l and Proposition 14.171 we obtain the following characterization of 
Volterra ^j^DO's. 

Proposition 6.10. Let Q : C^{Ux xRj) — > C°°{Ux xRt) be a continuous operator with distribution 
kernel kQ{x,t;y, s). Then the following are equivalent: 

(i) The operator Q belongs to ^^^{U x R); 
(a) The kernel of Q can be put into the form, 

(6.8) kQ(x, t; y, s) = \'4)'J\K{x, -'4>x{y),t - s) + R{x, y,t- s), 

for some K{x,y,t) E /C™(C/ x R'^+i x R(^)), tu = -{m + d + 2 + v) and R e {U x W^+^ x R). 
(Hi) The kernel of Q can be put into the form, 

(6.9) kQ{x,t;y,s) = \e'jKQ{x, -ex{y),t - s) + R{x,y,t - s), 

for some KQ{x,y,t) G ICf{U x R'^+i x R(„)), m = -{m + d + 2 + v) and R G C°°{U x R'^+i x R). 

An interesting consequence of Proposition 16.101 is the following small time asymptotics for the 
kernel of a Volterra ^'/^DO. 

Proposition 6.11 (EnHl Thm. 4.5]). Let Q G ^"g^^iU x R(^)) have symbol q ~ Ej>o^™-J 
kernel kQ{x,y,t — s). Then as t ^ 0^ the following asymptotics holds in C^{U), 

2[^]+d+4 ^ . 

(6-10) kQ{x,x,t)^t V 2^i^|exl(92[f]-2i)(5,r)^(s/,t)(^>0,l). 

j>0 

On the other hand, using Proposition 16.101 and arguing along similar lines that of the proof of 
Proposition 14.191 in |Po8j allows us to prove: 

Proposition 6.12. Let U (resp. U) be an open subset o/R'^"'"^ together with a hyperplane bundle 
H CTU (resp. H CTU) and a H -frame ofTU (resp. a H -frame ofTU). Let : {U, H) {U, H) 
be a Heisenberg diffeomorphism and let Q £ ^'^^({7 x R(t,)). 

1) The operator Q = (</. l^)*Q : C^{U x R'^+i x R) ^ C^iU x R-^+i x R) belongs to 
^^^,(C/xR(,)). 

2) Lf the distribution kernel of P is of the form \6. 9(1 with LCq{x, y, t) G IC^{U x R'^+^ x R(t,)) then 
the distribution kernel of P can be written in the form \6. y\) with KQ{x,y,t) G /C™(C/ xR'^+i xR(^)) 
such that 

(6.11) KQix,y,t)^ ^ci^f3{x)y''idlKQmx),^'H{x)y,t), 

where the functions aa/six) are as in J^.^5| ). 
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This allows us to define Volterra ^'/^DO's on the manifold M x M and acting on the sections of 
the bundle E (or rather on the sections of the pullback of E by the projection M x M — > M, again 
denoted <S). 

Definition 6.13. ^'^y(Mx]R(j,),iS), m^TL, consists of continuous operators Q : C^{M xR,£) — > 
C~(M X R,£) such that: 

(i) Q has the Volterra property; 

(a) The distribution kernel of Q is smooth off the diagonal of {M x M) x (M x M); 
(Hi) For any trivialization t : U xC^ of £ over a local Heisenberg chart k : U ^ V C W^^^ 

the operator {k (g> id)^T4Q\^^^J belongs to ^^^^(F x M(^),C'^) := "^n^^iV x M(„)) ® EndC. 

Using Proposition 16. 1 2) we can define the global principal symbol of a Volterra ^'/^DO as follows. 
Let Q*M denote the dual bundle of the Lie algebra bundle qM of M and consider the canonical 
projection tt : q*M xR^ M. 

Definition 6.14. S'v,m(0*M x M(„),<?), m e Z, is the subspace of C°°{{q*M x M) \ 0,7r*End^) 
consisting of sections q{x, ^, r) such that: 

(i) q{x, A.^, A^'r) = X^q{x, ^, r) for any {x, ^, r) € {q*M xM.)\0 and any X eM\ 0; 

(a) q{x, ^, r) extends to a section in C°°{{g*M x C_) \ 0, vr* EndiS) which restricts to an element 
o/C°°(0*M, 7r*Endf)«)Hol(C_) on 5*M x C_. 

Using (|6.1H) and arguing as in the proof of Proposition 14.241 in |Po8j we get: 

Proposition 6.15. For any Q £ ^]}^{Mx xM(„),£^) there is a unique symbol am{Q) £ 'S'v,m(0*Afx 
xR(^),<£^) such that if in a local trivializing Heisenberg chart U C W^'^'^ we let KQ^^{x,y,t) G 
K.rh{U X W^~^^) be the leading kernel for the kernel Kq{x, y, t) in the form h6.y\) for Q, then we have 

(6.12) c^m(Q)(^,e,r) = [i^Q,A]f,,t)^(5,,)(a;,e,r), {x,i) £ U xW'+^Q. 

Equivalently, on any trivializing Heisenberg coordinates centered ata£M the symbol am{Q){ci, •, •) 
coincides with the (local) principal symbol of Q at x = 0. 

Definition 6.16. For Q £ ^'g„(M x R^y),£) the symbol am{Q) G S'v,m(0*M x R,£) provided by 
Provosition \6.1^ is called the (global) principal symbol of Q. 

Granted this we can define the model operator of a Volterra ^'/^DO as follows. 

Definition 6.17. Let Q £ ^''^^(M x M(^^,f) have principal symbol (J„i{Q). Then the model 
operator of Q at a £ M is the left- convolution operator by crm{Q)J^^ T)^(y t)(^' ■' •)' ^'^^ continuous 
endomorphism Q"^ : S{GaM x ]R,<f^a) S{GaM x R,<5a) given by 

(6.13) Q''u{y,t) = {arr,{Q)\i,,r)^(^y^€)i^,z,t),u{y.z-\t - s)), u£S{GaM,£a). 

Remark 6.18. The model operator can be defined as an endomorphism of S{GaM,£a), not just 
as an endomorphism of So{GaM,£a) as in Definition I4.27| because o'm(Q)(^^ f)(«, -i •) makes 
sense as an element of S'{GaM,£a). 

Proposition 6.19. The group laws on the fibers of GM x M give rise to a convolution product, 

(6.14) * : 5v,,ni(0*M X M(,),£:) x 5^,^2(0*^ x M(,),f) S,,rm+m2i5*M x R^,),£), 
such that for any symbols qmj £ Sv,rnjiQ*M x R(^j,^,£), j = 1,2, we have 

(6.15) q.m, * qm2 {x, ^, r) = [q^, {x, ., .) *^ qm, {x, ., -M, r), (x, t r) £ {g*M x M) \ 0, 
where *^ denote the convolution product for symbols on GxM x R. 
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In a local trivializing Heisenberg chart the symbolic calculus for Volterra ^'j^DO's reduces the 
existence of a Volterra ^//DO parametrix to the invertibility of the local and global principal 
symbols. Therefore, we obtain: 

Proposition 6.20. Let Q G ^^^{M x M^^^,,?), m Gl^. Then we have equivalence: 

(i) The principal symbol ofQ is invertible with respect to the product i(j.l4^ of Volterra-Heisenberg 
symbols; 

(a) The operator Q admits a parametrix in ^J^{M x ]R(„),if). 

In the case of the heat operator P + dt, comparing a parametrix with the inverse H6.1() and 
using (|6.3() allows us to obtain the pseudodifferential representation of the heat kernel of P below. 

Proposition 6.21 f |BGSl pp. 362-363]). Suppose that the principal symbol of P+dt is an invertible 
Volterra-Heisenberg symbols. Then: 

1) The heat operator P + dt has an inverse (P + dt)^^ in ^^^{M x 

2) Let K(^pj^Q^y\{x,y,t — s) denote the kernel of [P + dt)^^ ■ Then the heat kernel kt{x,y) of P 
satisfies 

(6.16) kt{x,y) = K(^p^Q^yi{x,y,t) fort>0. 

Combining this with Proposition 16.111 then gives the heat kernel asymptotics for P in the form 
below. 

Proposition 6.22 f jBGSl Thm. 5.6]). If the principal symbol of P + dt is an invertible Volterra- 
Heisenberg symbol, then as i — > 0"*" the following asymptotics holds in C°°{M, (Endf) (gi |A|(M)), 

(6.17) fci(x,x) J]tVa,(P)(x), a,{P)ix) = |4|(g_,_2,)^5,,)_(j,,t)(^, 0, 1), 

where the equality on the right shows how to compute aj{P){x) in a local trivializing Heisenberg 
chart by means of the symbol q-v-2j{x,^,T) of degree —v — 2j of any parametrix of P + dt in 

*^;;(MxM(,),o. 

We will give in Section EJcriterions for the invertibility principal symbol of P + dt to be invertible. 
Nevertheless, in the case of a sublaplacian we have: 

Proposition 6.23 dHUHl Thm. 5.22]). Let A : C°°{M,£) C°°{M,£) be a selfadjoint sub- 
laplacian which is bounded from below and assume that the condition i4.5T\ ) is satisfied at every 
point of M . Then the principal symbol of A + dt is an invertible Volterra-Heisenberg symbol, hence 
Provosition \6.2l\ and Provosition 1 6. 2^ hold for A. 

Remark 6.24. As shown by Proposition 14.381 the condition 1)4. 57() at a point of M is equivalent to 
the Rockland condition for A when the Levi form is degenerate, but is a stronger condition when 
the Levi form is nondegenerate. It will be shown in Section |H1 that when the Levi form is everywhere 
nondegenerate the Rockland condition for A is enough to insure us the invertibility of the principal 
symbol oi A + dt even when the Levi form is nondegenerate at a point. In addition, it will be also 
shown in |PolOj that any selfadjoint sublaplacian with an invertible principal symbol is bounded 
from below, so the assumption on the boundedness from below of A is in fact superfluous. 

Example 6.25. The above result is true for the following sublaplacians: 

(a) A selfadjoint sum of squares A = XiX^ + . . . + XmX^ where Xi, . . . , X^ span H; 

(b) The Kohn Laplacian on a CR manifold and acting on (p, g)-forms under condition Y(q); 

(c) The horizontal sublaplacian on a Heisenberg manifold acting on horizontal forms of degree k 
under condition X{k); 

(d) The conformal powers of the horizontal sublaplacian acting on functions on a strictly pseu- 
doconvex CR manifold. 
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6.2. Complex powers. Let P : C°°{M,£) — > C°°{M,£) be a selfadjoint differential operator of 
even (Heisenberg) order v such that P has an invertible principal symbol and is positive, i.e., we 
have {Pu,u) > for any u E C'^{M,£). Let no(P) be the orthogonal projection onto kerP. 
Then the operator Pq := (1 — no(P))P + no(P) is selfadjoint with spectrum contained in [c, oo) for 
some c > 0. Thus by standard functional calculus, for any s G C, the power Pq is a well defined 
unbounded operator on L?'{M,£). We then define the power P^, s G C, by letting 

(6.18) p' = {i- no(P))Po' = Po' - no(P), 

so that P* coincides with Pq on (ker P)-*- and is zero on ker P. In particular, we have P" = 1— no(P) 
and P~^ is the partial inverse of P. 

The key result of this section is the following. 

Theorem 6.26. Suppose that the principal symbol of P + dt is an invertible Volterra- Heisenberg 
symbol. Then: 

(i) For any s G C the operator P'^ defined by ifi.lH]) is a ^ hDO of order vs; 

(ii) The family {P^)s,zc forms a holomorphic 1-parameter group of ^ hDO's. 

Proof. Let us first assume that £ is the trivial line bundle over M, so that P is a scalar operator. 
For 3fts > the function x — > is bounded on [0, oo), so the operators Pq~* and P~^ are bounded. 
Moreover, by the Mellin formula we have 

1 f'°° dt 

(6.19) p- = (i_no(P))Po^ = ^y^ i^(l_no(P))e-*^|. 

This leads us to define 

(6.20) As= [ t'-^e-*^dt, > 0. 

Jo 



Then we have 



(6.21) 



T{s)p-'-As = J t'-^UoiP)e-'^dt + J t"\l-noiP))e-'^dt, 



1 r°° 

-Uo{P) + e-^/2( / (1 + t)^-ie-*^dt)e-^/2 

2 Jo 



Since Ilo{P) and e are smoothing operators and (/q°°(1 + ty ^e *^(ii)sRs>o is a holomorphic 
family of bounded operators on L'^{M), we get 

(6.22) (r(s)P-^ - Ashs>o e Hol(3f?s > 0, ^-^{M)). 

Let us now show that (As)sr<j>o defined by (|6.2U|) is a holomorphic family of ^'//DO's such that 
ordAs = —vs. To this end observe that, in terms of distribution kernels, the formula 1)6.201) means 
that As has distribution kernel 



(6.23) kAAx,y) = / t'-^kt{x,y)dt. 



where kt{x,y) denotes the heat kernel of P. 

On the other hand, since P is bounded from below and the principal symbol oi P+dt is invertible, 
Theorem ion tells us that P + dt has an inverse Qo := (P + dt)~^ in ^'^^^(M x M(^),f ) and that 
the distribution kernel Kqq{x, y,t — s) of Qo is related to the heat kernel of P by 

(6.24) KQ,{x,y,t) =kt{x,y) for t > 0. 



48 



Therefore, for 5Rs > we have 



(6.25) kAAx,y)= [ t'-'KQ,{x,y,t)dt.. 

Jo 

Let 93 and ip be smooth functions on M with disjoint supports. Then using 1)6. 25() we see that 
(pAgip has distribution kernel 



(6.26) k^AM^,y)= t'-'^{x)KQ,{x,y,t)^{y)dt. 

Jo 

Since the distribution kernel of a Volterra-^//DO is smooth off the diagonal of (M x M) x (M x M) 
the distribution KQg{x,y,t) is smooth on the region {x ^ y} x M, so (j6.26|) defines a holomorphic 
family of smooth kernels. Thus, 

(6.27) {^AsiJjhs>o G Hol(5Rs > 0, ^-°^{M)). 

Next, the following holds. 

Lemma 6.27. Let V C M'^+^ be a Heisenberg chart, let Q G '^Ji^i^ ^ ^{v)) have distribution 
kernel KQ{x,y,t — s) and for > let Bs : CciV) CiV) be given by the distribution kernel, 

(6.28) kBAx.y)= I t'~^KQ{x,y,t)dt, ^s > 0. 

Jo 

Then (-Bs)srs>o a holomorphic family of ^hDO's such that oidBs = —vs 

Proof of the lemma. Let £x denote the change to the Heisenberg coordinates at x. By Proposi- 
tion IH^Sl on V X V X M. the distribution KQ{x,y,t) is of the form 

(6.29) KQ{x,y,t) = |e^|i^(x, -e^(y), t) + i?(x, y, t), 

for some K G IC^^'^^^\v x M'^+i x M(^)) and some R e C°°{U x U x R). Let us write K ~ 
^j>Q iCj_(^+2) with Ki G /Cv,/(V^ x x M(t,)). Thus, for any integer N, as soon as J large 

enough we have 

(6.30) K{x,y,t) = ^K^_^d+2){x,y,t)+RNj{x,y,t), Rnj £ (U x R''+^). 
In particular, on y x y we have 

(6.31) kB,{x,y) = \e'^\Ks{x,ex{y)) + Rs{x,y), Ks{x,y) = ^ Kj^s{x,y) + RnjA^^v)^ 
where we have let 

(6.32) Ks{x,y)= [ t'-'K{x,y,t)dt, Kj^x^y) = ! t'-'Kj_^a+2){x,y,t)dt, j>0, 

Jo Jo 

and {Rshs>o and {RNj,shs>o are in Hol(3f?s > 0,C'^{V x V)) and Hol(5Rs > 0,C^{V x V)) 
respectively. 

Notice that Kj_(^^_^_2){x, y, t) is in C°° {V)^'D'j.^g{M.'^^'^ xM) and is parabolic homogeneous of degree 
j -{d + 2)> -{d + 2). Thus the family (i^j>)jjs>o belongs to Hol(Ks > 0, {U)^V'^^^{W^+^)) . 
Moreover, for any A > 0, the difference Kj^x^X.y) — X"^'^^^^'^^'^'> Kj^x^y) is equal to 

(6.33) j t'-^K{x, y, t)dt G Hol(5Rs > 0, C^iV x R'^+^)). 

Hence {Kj,s)dis>o is a holomorphic family of almost homogeneous distributions of degree vs — {d + 
2) + j. Combining this with dTOTl) then shows that {Ks)^s>o belongs to Hol(3f?s > 0, IC*{V x R'^+^)) 
and has order vs — {d + 2). Therefore, using (|6.31() and Proposition 15.261 we see that (i?s)5fts>o is a 
holomorphic family of ^I/ffDO's such that ordi?^ = — (ordi^s + d+2) = —vs. □ 
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It follows from Lemma f6.27l tliat for any local Heisenberg chart k : U ^ V the family (K*^s|y)gfjs>o 
is a holomorphic family of ^I'/fDO's on V of order —vs. Combining this with H6.27() and H6.22() then 
shows that (^s)srs>o and (-P^)srs<o holomorphic families of ^'j^DO's of orders —vs and vs 
respectively. 

Now, let s G C and let A; be a positive integer such that k > ?R.s. Then we have 
(6.34) P'u = P'-^P^u for any M E C7°°(M,<S). 

As P^ is a differential operator and P^~^ is a ^//DO of order m{s — k) this proves that is a 
^'/fDO of order ms. In fact, as by Proposition 15. 19l the product of ^'//DO's is analytic this actually 
shows that (P*)sgc is a holomorphic family of ^'j^DO's such that ordP* = vs for every s G C. 

Finally, when i5 is a general vector bundle we can similarly prove that the complex powers P*, 
s G C, forms a holomorphic family of ^'//DO's such that ordP'^ = vs for any s G C. The proof is 
thus complete. □ 

Example 6.28. Theorem 16 . 261 holds for the following sublaplacians: 

(a) A selfdajoint sums of squares A = V^^^Vxi + . . . + V3f^Vxm, where Xi, . . . ,Xm span H 
and V is a connection on 8, under the condition that the Levi form is nonvanishing. 

(b) The Kohn Laplacian on a compact CR manifold acting on (p, g)-forms when the condi- 
tion Y{q) holds everywhere. 

(c) The horizontal sublaplacian A;, on a compact Heisenberg manifold (M°'"'"^,if) acting on 
sections of A^i^* when the condition X{k) holds everywhere. 

In Section El we will actually make use of Theorem 16.261 to show that when the Levi form has 
constant rank the Rockland condition is enough to insure us that the the principal symbol P + dt 
is an invertible Volterra-Heisenberg symbol (see Theorem 18.5)1 . Therefore, we obtain: 

Theorem 6.29. Assume that the Levi form of {M,H) has constant rank and let P : C°^{M,8) 
C°^{M,£) be a positive differential operator of even (Heisenberg) order v such that P satisfies the 
Rockland condition at every point of M . Then: 

(i) For any s € C the operator P'^ defined by Ii6.18]) is a ^ hDO of order vs; 

(a) The family {P^)s^c forms a holomorphic 1-parameter group of ^ hDO's. 

Example 6.30. Theorem l6.29l is valid for the contact Laplacian A/j on a compact orientable contact 
manifold (M2"+i,6i). In this case A|j has order 2s on degree k — 0, . . . , 2n with k ^ n and has 
order 4s on degree n. 

Remark 6.31. The above example allows us to fill a technical gap in the proof in |JKj of the 
Baum-Connes conjecture for SU{n, 1) (see |Po9j ). 

7. Weighted Sobolev Spaces 

Let (M*^^^ , H) be a compact Heisenberg manifold endowed with a smooth positive density and 
assume that the Levi form of (M, H) is non- vanishing. We shall now construct weighted Sobolev 
spaces Wfj{M), s G M, which extend to any real parameter the weighted Sobolev spaces 5|(M), 
A; G N, of Folland-Stein {FSlj (see also [^^). As a consequence these Sobolev spaces will provide 
us with sharp regularity estimates for hypoelliptic ^'//DO's. 

Let Xi, . . . , Xm be real vector fields spanning H and consider the positive sum of squares, 

(7.1) Ax = XlXi + ... + X*^Xm. 

As mentioned in Example 16.281 (a), since the Levi form of {M,H) is non- vanishing Theorem 16.261 
is valid for 1 -|- Ax- Thus, the complex powers (1 -|- ^xY , s G C, gives rise to a holomorphic 
1-parameter group of ^'i^DO's such that ord(l -|- Ax)^ = 2s for any s G C. 
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Definition 7.1. W^{M), s G consists of all distributions u G V'{M) such that (1 + Ax)2n is 
in L'^{M). It is endowed with the Hilbert norm given by 

(7.2) \\u\\w^^ = \\{l + Ax)iu\\L2, uGWfiiM). 

Proposition 7.2. 1) Neither Wfj{M), nor its topology, depend on the choice of the vector fields 

Xl, . . . , Xm ■ 

2) We have the following continuous embeddings: 



Ll{M) ^ W!j{M) ^ Lli^{M) tfs>0, 



Proof. 1) Let Yi, . . . ,Yp be other vector fields spanning H. The operator (1 + Ay)''(l + A^) ^ is 
a ^'hDO of order 0, so is bounded on L'^{M) by Proposition 14.81 Therefore, we get the estimates, 

(7.4) 11(1 + Ayyu\\L2 = 11(1 + Ay)^(l + Ax)-^(1 + Axruh2 < CxYsWil + Axru\\L2, 

which hold for any u G C°°{M). Interchanging the roles of the ^j's and of the Y^'s also gives the 
estimates 

(7.5) \\{l + Axyu\\L2<CYXsm + AYruh2, ueC^iM). 

Therefore, wether we use the Xj^s or the Y^'s to define the Wfj{M) changes neither the space, nor 
its topology. 

2) Let s G [0, oo). Since (1 + Ax) 2 is a 'J'/zDO of order s, Proposition 14.81 tells us that it is 
bounded from ^^(M) to L^{M). Thus, 

(7.6) \\u\\w^ = \\il + Ax)^u\\L2<CML2, uGW!j{M), 

which shows that L^(M) embeds continuously into Wfj{M). 

On the other hand, as (1 + Ax) 2 has order —s Proposition 14.81 also tells us that (1 + Ax) 2 
is bounded from Lp'{M) to L?i^[M). Therefore, for we get the estimates 

(7.7) \\u\\l2^ = ||(l + Ax)"t(i + Ax)^n||i2^ <Cs\\{l + Axr-^\\L2 = Cs\\u\\w 
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which hold for any u G Wfj{M) and show that Wfj{M) embeds continuously into L'^^i^{M). 

Finally, when s < we can similarly show that we have continuous embeddings L'^^i^{M) ^ 
Wfj{M) and WIj{M) ^ L'l{M). □ 

As an immediate consequence of Proposition 17.21 we obtain: 

Proposition 7.3. The following equalities between topological spaces hold: 

(7.8) C'^{M) = r^smW!J{M) and V {M) = \JsmWfj{M). 

Let us now compare the Weighted Sobolev spaces Wfj{M) to the weighted Sobolev spaces 5^(M), 
A; = 1, 2, . . ., of Folland-Stein |F?^ . 

In we sequel we let Nm = {1, . . . , m} and for any I = {ii, . . . ,ik) in NJ^ we set 

(7.9) Xj = Xi,...Xi^. 

Definition 7.4 f jPSlj 'l. The Hilbert space Sl{M), /c G N, consists of functions u G L'^{M) such 
that {Xj)u G L'^{M) for any I G Uj^^Nm- It is endowed with the Hilbertian norm given by 

(7.10) \\ufs2 = \\u\\l2+ Y.\\^iu\\l2, uGSliM). 

Proposition 7.5. For k = 1,2,... the weighted Sobolev spaces W^{AI) and S'^{M) agree as spaces 
and bear the same topology. 
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Proof. First, if / G U^^^^Nm then by Proposition 17.81 the differential operator Xj is bounded from 
Wj^{M) to L?'{M), so we get the get the estimate, 

(7.11) \\u\\% = \\u\\l,+ Y.UM\h<Cl\\u\\^, u€C^{M). 

On the other hand, for any I G N the differential operators Xj and X* , j = 1, . . . ,m, are bounded 
linear maps from 5p^_-^(M) to Sf{M). Thus, for any integer p, the operator (1 + AxY is bounded 
from 5f^_2p(M) to Sf{M). It follows that, when k is even, we have 



(7.12) \\u\\^u=\\{l + Axpu\\L2<Ck\\u\\su, ugC^{M). 
Moreover, for any u G C°°{M) we have 

(7.13) ||(l + Ax)5n||i. = ((1+ X*X,)u,u)l2 = \\u\\1,+ 114111^ = 11^111- 

l<j<m 

Thus (1 + Ax)^ is bounded from 5f (M) to L?{M). Therefore, if k is odd, say k = 2p+l, then 
the operator (1 + A^)^ = {I + AxY{l + Ax)^ is bounded from 5|(M) to L'^{M). Hence (fTHl is 
valid in the odd case as well. Together with (|7.11|) this implies that W^{M) and S^{M) agree as 
spaces and bear the same topology. □ 

Now, let f be a Hermitian vector bundle over M. We can also define weighted Sobolev spaces of 
sections of S as follows. Let V : C°°(M,f) C'^{M,T*M x £) he a connection on £ and define 

(7.14) Av,x =V*x,yx, + ... + V3,^Vx^. 

As in the scalar case, the complex powers (1 + A^/^xY, s G C, form an analytic 1-parameter group 
of ^'hDO's such that ord(l + A^^xY = 2s for any s G C. 

Definition 7.6. Wfj{M,£), s G M, consists of all distributional sections u G T)'{M,£) such that 
(1 + A^^xYu G L'^{M,£). It is endowed with the Hilbertian norm given by 



(7.15) \\u\\wi^ = \\{l + Ay^xYu\\L2, ueWfj{M,£). 

Along similar lines as that of the proof of Proposition 17.21 we can prove: 

Proposition 7.7. 1) As a topological space Wfj{M,£), s gW, is independent of the choice of the 
connection V and of the vector fields Xi , . . . , Xm ■ 

2) We have the following continuous embeddings: 



Ll{M,£) ^ W!,{M,£) ^ Ll^,{M,£) ifs>0, 
^ ' L%2{M,£) WIj{M,£) ^ Ll{M,£) ifs<0. 



As a consequence we obtain the equalities of topological spaces, 

(7.17) C°°{M,£)=nsmW!iiM,£) and V'iM,£) = UsmW!j{M,£). 

Notice that we can also define Folland-Stein spaces S'^{M,£), k = 1,2, . . ., as in the scalar case, 
by using the differential operators Vxj = Vx^^ • • • ^Xi^ , I £ Uj^i'Nm- Then, by arguing as in the 
proof of Proposition 17.51 we can show that the spaces W^(M, iS) and Sl{M,£) agree and bear the 
same topology. 

Now, the Sobolev spaces Wfj{M,£) yield sharp regularity results for ^'j:/DO's. 
Proposition 7.8. Let P G ^''g{M,£), set k = ?lim and let s G M. 

1 ) The operator P extends to a continuous linear mapping from W^^''{M,£) to Wlj{M,£). 



52 



2) Assume that the principal symbol of P is invertihle. Then for any u G T>'{M,£) we have 

(7.18) Pu G WIj{M, 8)^ue W'^^{M, 8). 
In fact, for any s' G M w;e have the estimate, 

(7.19) \\u\\y^s+, < CsA\\Pu\\w^ + llnll^^O, u G W^+''{M,£). 

Proof. 1) As Pg = {1 + Ay^x) 2 -P(l + Ay^x) 2 is a "f/zDO with purely imaginary order, Propo- 
sition UH] tells us that it gives rise to a bounded operator on L'^(M,£). Therefore, we have 

(7.20) \\Pu\\wi, = \\Ps{l + Ay,x)'+''n||i2 < Cs\\u\\^s+,, u G C7°°(M,£:), 

It then follows that P extends to a continuous linear mapping from W'^^{M,8) to Wlj{M,8). 

2) Since the principal symbol of P is invertible by Proposition 14 . 32l there exist Q in ^^J^{M,£) 
and R in ^'-°°(M, £) such that QP = l-R. Therefore, for any u G P'(M, f) we have u = QPu+Ru. 
Thanks to the first part we know that Q maps Wlj{M,£) to W^j^^{m,£). Since R is smoothing, 
and so Ru always is smooth, it follows that if Pu is in Wh{M,£) then u must be in Wh{M,£). 

In fact, as Q is actually bounded from Wfj- to and (|7.17|) implies that R is bounded from 

any space Wf^{M,£) to Wp~'^{M,S) we have estimates, 

(7.21) < \\QPu\\^s+k + \\Ru\\^s+k < Css'{\\Pu\\wfj + lkllvi/^')> u G W^^''{M,£). 

The proof is thus complete. □ 

Remark 7.9. Combining ProDosition l7.8l and the embeddings ()7.3|) and 1)7. 16() we recover the Sobolev 
regularity of ^I'j^DO's as in Proposition 14.81 as well as the hypoelliptic estimates 1)4. 49p . 

On the other hand, the spaces Wfj{M,£) can be localized as follows. 

Definition 7.10. We say that u G T>'{M,£) is Wfj near a point xq G M whenever there exists 
ip G C°°(M) such that (/?(xo) / and ipu is in Wl^{M,£). 

This definition depends only on the germ of u at xq because we have: 

Lemma 7.11. Let u G 'D'{M,£) be Wfj near xq. Then for any ip G C°°(M) with a small enough 
support about xq the distribution ipu lies in VF^(M, <?). 

Proof. Let G C°°(M) be such that (/^(xo) / and ipu is in W|^(M,£:) and let i) G C°°(M) be so 
that "^{xi^) 7^ and suppV' H 99"^ (0) 7^ 0. Then x := ^ is in C°°(M) and we have 

(7.22) (1 + ^xj,x)^i)U = (1 + Ay,x)^X¥'ti = (1 + Ay,x)^X(l + Ay,x)"i(l + Ay,x)^'/?^i. 

Since (1 + Ay^x)^'/^^^ is in 1?{M,£) and (1 + Ay^x)^x(l + Ay,x)~^ is a zero'th order ^'//DO, so 
maps LP'{M,£) to itself, it follows that -i/^n lies in Wf^{M.,£). Hence the lemma. □ 

We can now get a localized version of (|7.18|) . 

Proposition 7.12. Let P G ^'^(M, iS) have an invertible principal symbol, set k = and let 

s G M. Then for any u G T>'{M,£) we have 

(7.23) Pu is Wfj near xq =^ u is Wfj near xq. 

Proof. Assume that Pu is Wfj near xq and let ip G C°°{M) be such that ip{xQ) 7^ and ^pu is in 
Wfj{M,£). Thanks to Lemma 17.111 we may assume that ip = \ near xq. Let ip G C°°(M) be such 
that iP{xq) 7^ and ip = \ near supp^. Since the principal symbol of P is invertible there exist Q 
in ^^"'{M,£) and R in ^-'^{M,£) such that QP = 1-R. Thus for any u G V'{M,£) we have 

(7.24) ipu = ipQPu + ipRu = i'QipPu + V'Q(1 - V3)-Pti + i^Ru. 
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In the above equality Ru is a smooth function since i? is a smoothing operator. Similarly, as 
and 1 — ip have disjoint supports, the operator ipQ{l — (p)P is a smoothing operator and so 
ipQ{l — (p)Pu is a smooth function. In addition, since ipPu is in Wfj{M,£) and ipQ is a 'I'//DO 
of order —m, and so maps WIj{M,£) to Ty^+*=(M,f) , it follows that u IS m W^~^^. Hence U IS 
14^^+'' near xq. □ 

Next, the first part of Proposition 17.81 admits generalization to holomorphic families of ^'//DO's. 

Proposition 7.13. LetVt G C be open and let {Pz)ze^ £ Hol(r2, ^'^(M, <?)). Assume there exists a 
real m such that SRordP^ < m < oo. Then for any s G M the family {Pz)zeQ. defines a holomorphic 
family with values in C{W^+'^{M,£),Wfj{M,£)). 

Proof. First, let V C M'^^^ be a Heisenberg chart with iJ-frame Yq,Yi, ... ,1^ and let {Qz)zefi £ 
IIol(0, ^i[(y)) be such that JRordQ^ < 0. Then we can write 

(7.25) Qz=Pz{x,-iY)+Rz, 

for some families {pz)z€n G Hol(fi,5*(y x M"'+i)) and {Rz)zen G Hol(rj, Since ^ordpz = 

^ordQz < we see that {pz)zeQ belongs to Hol(17,5j(C/ x M'^+i)). 

Next, for j = 1, . . . , d let aj denote the standard symbol of —iYj and set a = ((Jq, . . . , cTd). Then it 
follows from the proof of Proposition l5 . 1 ll that the family {pz{x, cr{x, £,)))zen lies in IIol(r2, Si i{Vx 

M^^^)). Since by IHwl the quantization map q q(x,Dx) is continuous from Sii{U x R°'+^) to 

2 2 

C{Lf^^{U) , L'^ (U)) , we deduce that {pz{x, —iX))zeQ and {Qz)zen are holomorphic families with 
values in C{Ll^{U) , L'^ (U)) . 

It follows from the above result that any family {Qz)zen G Hol(r2,^'// * {M,£)) such that 
dioidQz < gives rise to a holomorphic family with values in C{L'^{M,£)). This applies in partic- 
ular to the family 

(7.26) = (l + Av,x)^Q.(l + Av,x)-'^, z ^ ^. 

As Qz = (1 + Av,x)~2(5i''^(l + Av,x)~2^ it follows that {Qz)z€n gives rise to a holomorphic family 
with values in £(VF^+"(M, £), W^^'(M, £:)). □ 

Combining Proposition 17.131 with Theorem 16.291 we immediately get: 

Proposition 7.14. Let P : C°°{M,£) — > C°^{M,£) be a positive differential operator of even 
(Heisenberg) order w with an invertible principal symbol. Then, for any reals m and s, the family 
of the complex powers of P satisfies 

(7.27) {Pl^z<m G Hol(5Rz < m,C{W'+^^(M,£),WMM,£))). 



8. Rockland condition and the heat equation 

Let {M'^^^, H) be a compact Heisenberg manifold equipped with a smooth positive density and 
let £^ be a Hermitian vector bundle over M . In this section we shall show that for a selfadjoint 
differential operator P : C°°{M,£) — > C°^{M,£) which is bounded from below, the invertibility of 
the principal symbol of P is enough to insure us the invertibility of the principal symbol P + dt- 
This is needed for the pseudodifferential representation of the heat kernel and the invertibility of 
the heat operator P + dt in pGS , as well as in Theorem 16 . 261 for the complex powers of P to give 
rise to a holomorphic family of ^'/^DO's. 

Let us first look at symbols that are positive in the sense below. 

Definition 8.1. A symbol p G Sm{Q* M.,£) is said to be positive when it can be put into the form 
p = q* q for some symbol q £ Sm {q*M, £) . 
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Lemma 8.2. Let P E ^'^(M, <S) have principal symbol cFm{P) S S'^{q*M,S). Then we have 
equivalence: 

(i) The symbol am (P) is positive; 

m 

(ii) There exist Q e^^{M,£) and R £ ^"^'^ {M , £) so that P = Q*Q + R. 

Proof. Assume that CTm{P) is a positive symbol, so that there exists qm £ S2r{q*M,£) such that 
p = * qm. By Proposition I4.2()l the principal symbol map am. : ^^{M,£) S^{g*M,£) 

m 

is surjective, so there exists Q £ ^ ^ (M, £) such that a in (Q) = qm , Then by Proposition 14.291 
and Proposition 14.311 the operator Q*Q has principal symbol q^ * q^ = am{P), hence coincides 
with P modulo '^]}~^{M,£). 

m 

Conversely, if P is of the form P = Q*Q + R with Q e 1-^ (M, ^) and R £ ^^~^(M, £) then P 
and Q*Q have same principal symbol. Then am{P) = am.{Q) * aiR{Q), that is, am{P) is a positive 
symbol. □ 

From now on we assume that the Levi form of (M, H) has constant rank and we let P : 
C°°{M,£) — > C°°{M,£) be a differential operator of even Heisenberg order m. 

Lemma 8.3. Assume that P satisfies the Rockland condition at every point and has a positive 
principal symbol. Then the principal symbol of the heat operator P + df is an invertible Volterra- 
Heisenberg symbol. 

Proof. Let us first assume that £ is the trivial line bundle. Since proving the invertibility of the 
principal symbol of P + 9t is a local problem with respect to the space covariable, we may as well 
work in a local Heisenberg chart. 

Moreover, as the Levi form has constant rank it follows from |Po6j that GM is a fiber bundle 
of Lie group with fiber G = M^^+i x R'^-^", where 2n is the rank of the Levi form. Therefore, by 
considering a trivialization of this fiber bundle by means of a suitable local //-frame (see |Po6j ) 
we may further assume that GU is the trivial bundle U x G. In particular, the families of model 
operators {P^)x(^u can be seen as a smooth family of self-adjoint convolution operators on So{G). 

Next, as the global principal symbol am{P) of P is positive there exists G Sm.{U x G) such 

that am{P) = *piii, so if we let P^ be the left-convolution operator with symbol pni{x, .) then 

by Proposition 14.291 and Proposition 14.311 we have P^ = (^p^yp^. Thus, by Proposition 14.341 for 
every non-trivial irreducible representation vr of G we have vrpT = {Wp^)*Tfp^, which shows that vTp 
is positive. 

Now, as P^ is positive and satisfies the Rockland condition it then follows from |FS2j that: 

- The operator P^ + dt satisfies the Rockland condition on G x M (see |FS2[ Lem. 4.21]); 

- There exists K^{y, t) £ G°°{{G x M) \0) homogeneous of degree —{d+2) such that K^{y, t) = 
for t < and K^(y, t) is a fundamental solution of P^ + dt, that is, 

(8.1) {P- + dt)K-{y,t) = d{y,t), 

where 6{y, t) denotes the Dirac distribution at the origin on G x M (see jFS21 Lem. 4.24] in the case 
m > and |FS2[ pp. 136-137] for the general case). 

Let be the left-convolution operator on G x M with K^(y, t). As K'^ belongs to /C^ _((;_j_2)(G x 
R(^)) this is a left-invariant Volterra *I'//DO with symbol q^mi^^"^) — (^^)^('?) ''")• Moreover, 
thanks to (|8.1|) for any / € 5(G x M) we have 

(8.2) (P- + dt)Qy = (P" + dt){K * /) = [(P- + dt)K] *f = 6*f = f. 
Hence (P^ + dt)Q^ = 1, which gives {am{P){x, .) + ir) * q^^. = ^■ 
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Next, the distribution K^{y, —t) belongs to /Cv,-(rf+2)(G^ ^ ^(»n)) and is a fundamental solution 
of — dt = {P^ + dtY, so the same arguments as above show that the left-convolution operator 
with K^(y, —t) is a left-invariant Volterra ^'j^DO such that {P^ + dtfQ^ = 1. Taking transposes 
we obtain {Q^Y{P^ + dt), so if we let gi!:^ G Sy^-m{G x M(m)) be the symbol of {Q^Y then we 
get * {am{P)ix, .) -|- ir) = 1. Henceforth (Tm(-P)(x, .) -|- ir is a two-sided invertible Volterra- 
Heisenberg symbol on G x M with inverse = q^m- 

On the other hand, since for every x G U the operator P^ + dt satisfies the Rockland condition 
on G X M, it follows from ^CGGP, Thm. 5(d)] that there exists k{x,y,t) G G°°(C/ x [(G x M) \ 0]) 
homogeneous of degree —{d+2) with respect to (y, t) such that, for every x £ U, the left-convolution 
operator by K{x, ., .) is a right-inverse for P^ + dt- Necessarily, this operator agrees with the two- 
sided inverse Q^, so agrees with K{x, ., .). 

This shows that depends smoothly only on x, that is, K{x,y,t) = K^{x,t) is an element of 
^v-[d+2){U X G X M). It then follows that q^„i{x,i,T) = q'^rnixh'T) = i^^^^^^^^^^^-, (x, ^, r) belongs 
to class S^^^miU X G X M(,„)) and satisfies 

(8.3) q-m * {(Tm{P) + ir) = {cFm{P) + ir) * q-m = 1- 

Hence am{P){x,£,) + ir is an invertible Volterra-Heisenberg symbol with inverse q-m{x,^,T). 

Finally, suppose that £ is not the trivial line bundle. Then, as the aforementioned results of |FS2j 
and [nnnpj remain valid for systems, by working in a local trivializing Heisenberg chart and by 
arguing as above we can show that the principal symbol P + dt is an invertible Volterra-Heisenberg 
symbol. □ 

Granted Proposition 18.31 we can give the following criterion for a selfadjoint hypoelliptic differ- 
ential operator to have a positive principal symbol. 

Proposition 8.4. Suppose that P satisfies the Rockland condition at every point. Then the fol- 
lowing are equivalent: 

(i) The operator P is hounded from below. 

(ii) The principal symbol (Tm{P) of P is positive. 

Proof. Assume that P is bounded from below. Possibly by replacing P by P+c with c large enough 
we may assume that P is positive. Observe that P^ satisfies the Rockland condition at every point. 
Indeed, at every point x G M the model operator of P^ is (P^)^' = (P^)^, so for any nontrivial 
irreducible representation vr of GxM on C°°{tt) we have vF^pijr = vf^plj? = Wp^Wp^. Since vfpT is 
injective on C°°{tt) we see that so is vf^pijT, that is, P^ satisfies the Rockland condition at x. 

Granted this, we can apply Lemma 18.31 to deduce that the principal symbol of P^ -|- dt is an 
invertible Volterra-Heisenberg symbol. As P^ is positive we then may use Theorem 16. 261 to see that 
(p2)4 = P2 is a "^hDO of order y- Since P = (P^)^ it then follows from Lemma 18.21 that the 
principal symbol of P is a positive symbol. 

Conversely, suppose that P has a positive principal symbol. Then thanks to Lemma 18.21 the 

m 

operator P can be written as P = Q*Q + R with Q E 'if^{M,£) and R e '^]}~^{M,£). Let 
Pi = Q*Q. Since P and Pi have same principal symbol, the operator Pi also satisfies the Rockland 
condition at every point. 

Next, since Pi is positive for A < — 1 we have 

POD 

(8.4) (Pi-A)-i= / e-'^'e'^dt, 

Jo 

where the integral converges in £(L^(M, <?)). Let a = Then we have 

(8.5) P(Pi -A)-^ = PPf"P(A), R{X)= P^e-^^^e^^dt. 

Jo 
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Since Pi = Q*Q has a positive principal symbol and satisfies the Rockland condition, Lemma [8. 31 
tells us that the principal symbol of Pi+dt is an invertible Volterra-Heisenberg symbol. This allows 
us to apply Theorem 16.291 to deduce that P^"' is a ^'hDO of order —ma = — (m — 1). Therefore 
RP^"' is a ^H^O of order 0, hence is bounded on L^(M, <?). 

On the other hand, we have 

(8.6) ||P(A)||l2</ r°||(tPi)"e-*^M|e*^dt. 

Jo 

As a G (0, 1) the function x — > x°'e~^ maps [0,oo) to [0,1]. Therefore, we have \\{tPi)°'e-^^'\\ < 1, 
from which we get 

(8.7) ||P(a)||l2 < / t~V^dt = |Ar^W -u-^e-^du. 

Jo Jo 

Now, by combining (|8.5j) - (|8.7j) we obtain 

(8.8) \\R{Pi-X)-'h2 < \\RP,-^l4R{X)\\l- < Ca\Xr\ 

where the constant Ca does not depend on A. Since a < 1 it follows that for A negatively large 
enough we have ||-R(Pi — A)~^||j;^2 < ^, so that 1 + R{Pi — A)~^ is invertible. Since we have 

(8.9) P-X = Pi + R-X = {Pi + R- A)(Pi - A)-\ 

it follows that P — X has a right inverse for A negatively large enough. Since we can similarly show 
that for A negatively large enough P — A is left-invertible, we deduce that as soon as A negatively 
large enough P — A admits a bounded two-sided inverse. This means that the spectrum of P is 
contained in some interval [c, oo), that is, P is bounded from below. □ 

Now, by combining Lemma l8.. SI and Proposition 18.41 with Proposition 16.211 and Proposition 16.221 
we get the main result of this section: 

Theorem 8.5. Assume that the Levi form of {M,H) has constant rank and let P : C°°{M,£) — > 
C°°{M,£) be a self adjoint differential operator of even Heisenberg order m such that P is bounded 
from below and satisfies the Rockland condition at every point. Then: 

1 ) The principal symbol P + dt is an invertible Volterra-Heisenberg symbol; 

2) The heat operator P + dt has an inverse in ^~^{M x M(„),iS); 

3) The heat kernel kt{x,y) of P has an asymptotics in C°°{M, (EndiS) (8) |A|(M)) of the form 

(8.10) kt{x,x) ~i^o+ t~'^^t^aj{P){x), aj{P){x) = \e'Jq^rn-2j(.x,0,l), 

where the equality on the right-hand side shows how to compute aj(P)(x) in a local trivializing 
Heisenberg chart by means of the (local) symbol q-m-2j{x,^,T) of degree —m — 2j of any Volterra- 
^ hDO parametrix for P + dt in this chart. 

Example 8.6. Theorem 18.51 holds for the following examples: 

(a) The conformal powers of the horizontal sublaplacian acting on functions on a compact 
strictly pseudoconvex CR manifold; 

(b) The contact Laplacian on a compact orientable contact manifold. 
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9. Spectral asymptotics for hypoelliptic operators 

In this section we will make use of Theorem 18.51 to derive spectral asymptotics for hypoelliptic 
operators on Heisenberg manifolds. 

Let {M'^~^^,H) be a compact Heisenberg manifold equipped with a smooth positive density 
and let £ he a Hermitian vector bundle over M. Let P : C°°{M,£) C°°{M,£) be a selfadjoint 
differential operator of Heisenberg order m such that P is bounded from below and and the principal 
symbol oi P + dt is an invertible Volterra-Heisenberg symbol. Recall that by Proposition 16 . 23l and 
Theorem 18.51 the latter condition is satisfied in the following cases: 

- The operator P is a sublaplacian and satisfies the condition (|4.57j) at every point. 

- The Levi form of (M, H) has constant rank and P satisfies the Rockland condition at every 
point. 

Let Ao(-P) < Ai(P) < . . . denote the eigenvalues of P counted with multiplicity and let N{P; A) 
be the counting function of P, that is, 

(9.1) N{P; A) = #{k G N; Afc(P) < A}, AG M. 
Theorem 9.1. Under the above assumptions the following hold.l) As t ^ we have 

(9.2) Tie-^^ r^t-^y"t^ A j{P), Aj{P)= [ tT£aj{P){x), 

Jm 

where the density aj{P){x) is the coefficient of t^~^ in the heat kernel asymptotics \8.1U\) for P. 

2) We have Aq{P) > 0. 

3) As X ^ oo we have 

(9.3) N{P; A) ~ MP)^'-^, MP) = r(l + ^)-^^o(^). 



m 



k 



4) As k ^ oo we have 

(9.4) Afc(P) , 

MP), 

Proof. First, as Tre~*'^ = fj^,^tv£kt{x,x) the asymptotics (|9.2|) immediately follows from (|8.1()|) . 

Second, we have ^o(^) = li™t^o+ Tr e~*^ > 0, so if we can show that Aq{P) ^ then we 
get Aq{P) > and the asymptotics 1)9. 3|) will follow from 1)9. 2|) by Karamata's Tauberian theorem 
(see Ha, Thm. 108]). This will also yield (|9.4|) . since the latter is equivalent to ()9.3() (e.g. |Shl 
Sect. 13]). Therefore, the bulk of the proof is to show that Aq{P) ^ 0. 

Now, notice that there is at least one integer < such that Aj{P) ^ 0. Otherwise, by (|9.2() 
there would exist a constant C > such that Tre~*^ < C for < t < 1. Thus, 

(9.5) fce-*^*(^) <^e-*^^(^) <Tre^*^<C7, < t < 1. 

3<k 

Therefore, letting t — > 0"^ would give k < C for every A; G N, which is not possible. 

On the other hand, when m > d + 2 the only integer < is j = 0, so in this case we must 
have Ao{P) / 0. 

Next, assume m < d + 2 and Aq{P) = 0. Let fi = — jo where jo is the smallest integer j such 
that Aj{P) 7^ 0. Since 1 < jo < ^ we have < n < ^ - 1. Moreover, the asymptotics 
becomes 

(9.6) Ti e-^^ = Aj^{P)t-^' + 0{t^-^) as i ^ 0+. 
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This implies that we have Ajg{P) > 0. Since we have ^^^(P) 7^ by definition of jo, we get 
yljg(P) > 0. Therefore, as alluded to above, it follows from Karamata's Tauberian theorem that as 
— > 00 we have 

(9.7) A,(P)~ , p = T{l + f,)-^A,,{P). 

It follows that Afe(P~^) = 0(A;"^~''), with 5 = |(^^ - 1) > 0. In particular, we have 
^^>QAfc(P~^)^ < 00, that is, is a Hilbert-Schmidt operator on L^{M,£). 

In addition, observe that P~^^ is a ^'//DO of order — and that any Q G ^ ^ ^ {M,£) 
can be written as 

(9.8) Q = no(P)Q + (l-no(P))P"^P'^Q, 

where no(P) denotes the orthogonal projection onto kerP. Recall that the space of Hilbert- 
Schmidt operators is a two-sided ideal of C{L?'{M < £). Observe that in 1)9. 8() the projection 

no(P) is a smoothing operator, so is a Hilbert-Schmidt operator and P^^Q is a bounded operator 

(d+2) 

on LP'{M,£) because this a zero'th order ^'j^DO. It thus follows that any Q G ^ ^ {M,£) is a 
Hilbert-Schmidt operator on Lp'[M,£). 

Now, we get a contradiction as follows. Let k : U ^ V he & Heisenberg chart over which there 
is a trivialization t : £^ ^ U x C' of £ and such that the open V C M'^+^ is bounded. Let 
If G C^{W^~^^) have non-empty support L, let x £ C'^(y x V) be such that x(a;, y) = 1 near Lx L, 
and let Q : C;?°(y) ^ C°°(F) be given by the kernel, 

(9.9) kQ{x,y) = \e'^\ip{x)\\e^{y)\\-^x{x,y). 

The kernel kQ{x, y) has a compact support contained inV xV and, as ip{x){l — xi^i u)) vanishes 
near the diagonal of F x we have 

(9.10) kQ{x,y) = \e'Jip{x)\\ - e,{y)\\~'^ mod C^{V x V). 

Since (/3(x)||y||~^~ belongs to /C~^~(y xR°'+^), it follows from Proposition 14 . 1 71 that Q is a ^h^O 
of order 

d+2 

Let Qo = T*K*{Q 1). Then Qq belongs to ^ {M,£), hence is a Hilbert-Schmidt operator 
on L?'{M,£). This implies that Q is a Hilbert-Schmidt operator on L?'{V), so by |(tK| p. 109] its 
kernel lies in L'^iV x V). This cannot be true, however, because we have 

(9.11) / \kQ{x,y)\^dxdy> [ \e',f\ip{x)\^\\e,{y)r^''+^Uxdy 
JVxV JLxL 



^'.Mx)\'i \\y\\-^''+^Uy)da 



00. 



'L Je^{L) 

We have thus obtained a contradiction, so we must have Aq{P) 7^ 0. The proof is now complete. □ 

Example 9.2. Theorem 19. II is valid for the following operators: 

(a) Real selfadjoint sublaplacian A = V^^Vxi -|- . . . + ^Xm^Xm ~'~ ^('^)' where V is connection 
on £, the vector fields Xi, . . . , Xm span H and /i(x) is a selfadjoint section of End<S, provided that 
the Levi form of (M, H) is non- vanishing; 

(b) The Kohn Laplacian on a compact CR manifold and acting on (p, g)-forms when the condition 
Y{q) holds everywhere; 

(c) The horizontal sublaplacian on a compact Heisenberg manifold acting on horizontal forms of 
degree k when the condition X{k) holds everywhere; 
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(d) The contact Laplacian on a compact orientable contact manifold. 

(e) The conformal powers of the horizontal sublaplacian acting on functions on a compact strictly 
pseudoconvex CR manifold. 

Several authors have obtained Weyl asymptotics closely related to (|1.12j) for bicharacteristic 
hypoelliptic operators ([ij, |Melj . |MSj ). including sublaplacians on Heisenberg manifolds, and 
for more general hypoelliptic operators ( |Molj . |Mo2j ) using different approaches involving other 
pseudodifferential calculi. 

While these authors deal in a setting more general than the Heisenberg setting, as far as the 
Heisenberg setting is concerned, our approach using the Volterra-Heisenberg calculus presents the 
following advantages: 

(i) The pseudodifferential analysis is somewhat simpler, since the Volterra-Heisenberg calculus 
yields for free a heat kernel asymptotics, once the principal symbol of the heat operator is shown 
to be invertible, for which it is enough to use the Rockland condition in many cases; 

(ii) As the Volterra-Heisenberg calculus take fully into account the underlying Heisenberg ge- 
ometry of the manifold and is invariant by change of Heisenberg coordinates, we can explicitly 
compute the coefficient fo(-P) in 1)9. 3|) for operators admitting a normal form. This is illustrated 
below by Proposition 19.41 which will be used in the next two section to give geometric expressions 
for the Weyl asymptotics (|9.3|) for geometric operators on CR and contact manifolds. 

Next, prior to dealing with operators admitting a normal form we need the following. 

Lemma 9.3. Let P : C°°{M,£) — > C°°{AI,£) be a selfadjoint differential operator of Heisenberg 
order m such that P is bounded from below and the principal symbol of P + dt is an invertible 
Volterra-Heisenberg symbol. Then, for any a G M , the following hold. 

1) The model operator P"'-\-dt admits a unique fundamental solution K'^{x,t) which, in addition, 
belongs to the class /Cv._(d+2)(G'aM x 

2) In Heisenberg coordinates centered at a we have 

(9.12) ao(P)(0) = A''^(0,1). 

Proof. Since it is enough to prove the result in a trivializing Heisenberg chart near a, we may as 
well assume that £ is the trivial line bundle, since the proof in the general case follows along similar 
lines. 

Let cj_m(Q) S <S'v,-m(0*^^ X IK(m)) be the inverse of am{P) + it and let be the left-invariant 
Volterra-^'z/DO on GaU x M with symbol o"_m,(Q)(o, •, •)■ particular, the operator is the in- 
verse of P"'+dt on S{GaUxR) and it agrees with the left-convolution by K"^ = [o"_m(a, •, t)]'^^ T)^{y t) ■ 
Therefore, the left-convolution operator with [(P" -|- dt)K°'] agrees with (P" -|- dt)Q'^ = 1. Thus, 

(9.13) (P'^ + ai)K«(y,i) = %,i), 

that is, K"'(y,t) is a fundamental solution for P'* -|- dt- 

Let K £ S'{GaU X M) be another fundamental solution for P" -|- dt. As it follows from the proof 
of Lemma 18.31 the left-convolution operator Q hy K \s a, right-inverse for P" + dt, so agrees with 
Q". Hence K = K"^, which shows that K'^ is the unique fundamental solution of P" + dt- 

In addition, K'^ is in the class ICy^^(^^^2)iGaM x M(^)) because this the inverse Fourier transform 
of a symbol in Sy^-m{Q*U x M(m)). 

Finally, let G 5'v _m(t/ x R^'+i X M(m)) be the local principal symbol for a parametrix Q 
for P + dt on U X M. As Q has global principal symbol a-m{Q) it follows from Proposition 16.151 
that g_m(0, ., .) = cj_m(Q)(o, ., .). Moreover, since we are in the Heisenberg coordinates centered 
at a, the map eq to the Heisenberg coordinates centered at is just the identity. Combining this 
with (|9.3j) then gives 

(9.14) ao(P)(0) = \e'o\qm{0,0,l) = [a_^(Q)](5,,)^(j,,j)(a, 0, 1) = K"(0, 1). 
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The proof is thus achieved. □ 

Now, assume that the Levi form of {M,H) has constant rank 2n. Therefore, by Proposition 12.71 
the tangent Lie group bundle GM is a fiber bundle with typical fiber G = H^""^^ x 

Let P : C°^{M, £) — > C°°{M, £) be a selfadjoint differential operator of Heisenberg order m such 
that P is bounded from below and satisfies the Rockland condition at every point. 

We further assume that the density dp[x) of M and the model operator of P at a point 
admit normal forms. By this it is meant that there exist po > and a differential operator 
Pq : C°°{G,C^) — > C°°(G, C) such that near every point xq, there exist trivializing Heisenberg 
coordinates, herewith called normal trivializing Heisenberg coordinates centered at xq, in which 
the following hold: 

(i) We have dp{x)\^^g = [podx]\^^^^; 

(ii) At X = the tangent group is G and the model operator of P is Pq- 

In the sequel, we let volp M denote the volume of M with respect to p, that is, 

(9.15) volpM= / dp{x). 

As it turns out the assumptions (i) and (ii) allows us to relate the Weyl asymptotics ()9.c{() for P to 
volp M as follows. 

Proposition 9.4. Under the assumptions (i) and (ii) above, as X ^ oo we have 

(9.16) N{P;X)r. p-^uo{Po){volpM)X^, ^.^(Po) = r(l + ^)-Hrc. Ko(0, 1), 

m 

where KQ{x,t) denotes the fundamental solution of Pq + df. 
Proof. By Proposition 19.11 as A ^ oo we have 

(9.17) N{P;X)^uoiP)x'^, MP) = T {1 + [ tr^ao(P)(x). 

On the other hand, by Lemma [9.,3l in normal trivializing Heisenberg coordinates centered at point 
a £ M we have 

(9.18) [trc-- ao(P)(x)dx]|_^, = [tr^- Ko{0, l)dx]|_„ = tr^- Ko{0, 1) p^^dpix^^^ . 
Hence tr^; ao(P)(x) = Pq^ trc i^o(0, l)dp{x). Thus, 

(9.19) i^oiP) = r(l + ^±^)-i / ' trc- i^o(0, l)dp{x) = Po^MPo) volp M, 

^ Jm 

with iyo{Po) = r(l + ^trlyi trc^ Ko{0, 1). Combining this (pT7|) then proves the lemma. □ 

10. Weyl asymptotics and CR geometry 

The aim of this section is to express in geometric terms the Weyl asymptotics ()9.3|) for the Kohn 
Laplacian and the horizontal sublaplacian on a nondegenerate CR manifold with a Levi metric. 

Let (M^""'"^,0) be a K-strictly pseudoconvex pseudohermitian manifold with < k < ^. Let 
Tifi C TqM be the CR structure of M and define Tq^i = Tq^i and H = 5R(Ti^o ^o,i)- The Levi 
form Lq on Ti^q is given by 

(10.1) Le{Z,W) = -id9{Z,W) =i6{[Z,W]), Z,WeTi^o. 

Let Xq be the Reeb field associated to 9, so that zxo^ = 1 ^iid iXod9 = 0. Then we have 

(10.2) [Z, W] = -iLe{Z, W)Xo mod Ti,o Tq^i VZ, W G TiflM. 
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We endow M with a Levi metric as follows (see also [FSlj ). Let h he a, (positive definite) 
Hermitian metric on Ti^. Then there exists a Hermitian-valued section A of EndcTi^o such that 

(10.3) Lg{Z,W) = h{AZ,W), Z,WeTi^o- 

Let A = U\A\ be the polar decomposition of A. Since by assumption the Hermitian form Lg has 
signature (n — k,k,0), hence is nondegenerate, the section A is invertible and the section U is an 
orthogonal matrix with only the eigenvalues 1 and —1 with multiplicities n — n and k, respectively. 
Therefore, we have the splitting, 

(10.4) ri,o = r+o © r{;o, r±o = ker([/ ^ i) , 

where the restriction of Lg to T^^ (resp. T^^) is positive definite (resp. negative definite). We then 
get a Levi metric on Ti^ by letting 

(10.5) h{Z,W) = h{\A\Z,W), Z,WeTifi. 

In particular, on the direct summands T^q of the splitting (|1U.4I) we have 

(10.6) Lg{Z, W) = h{UZ, W) = ±h{Z, W), Z,W e T^^- 

We now extend h into a Hermitian metric h on TcM by making the following requirements: 



(10.7) h{Xo,Xo) = l, h{Z,W) = h{Z,W) VZ,M^gTo,i, 

(10.8) The splitting TcM = CXq © Ti^ © To,i is orthogonal with respect to h. 

This allows us to express the Levi form £c ■ {H © C) x {H © C) ^ T£M/{H © C) as follows. 
Since 0{Xq) = 1 we have 

(10.9) Cc{X,Y) = d{[X,Y])Xo = -de{X,Y)Xo, X,YeH^C. 
Therefore, if follows from (jlO.bf) that we have 

(10.10) C{Z, W) = -iLg{Z, W) = h{Z, iUW), Z,W £ Ti^. 

Since C is antisymmetric and the integrability condition [Tifi,Tifi] C Ti^ implies that Cc vanishes 
on Tifi X Tifi and on Tq^i x Tq^i, we get 

(10.11) Cc{X,Y) = h{X,LY), X,YeH(g)C, 
where L is the antilinear antisymmetric section of EndK(-fr © C) such that 

(10.12) L{Z + W) =iUW -i(UZ), Z,WeTi^o. 

In particular, since U* = U and C/^ = 1 we have \L\ = 1. Let Zi, . . . , Z„ be a local orthonormal 
frame for Ti^ (with respect to h) and such that Zi, . . . , Zn~K span T^^ and Zn-^+i, ■ ■ ■ , Zn span 
T^Q- Then {Xq, Zj, Zj} is an orthonormal frame. In the sequel we will call such a frame an 
admissible orthonormal frame of T^M. Then from (|1U.6|) we get: 

(10.13) Lg{Zj,Zk) = ejh{Zj, Zk) = ejdjk, 

where ej = 1 for j = 1, . . . , n — k and ej = —1 for j = n — k + 1, . . . ,n. 

Let {6, 9^ ,6^} be the dual coframe of associated to {Xq, Zj, Zj}. Then the volume form of h 
is locally given by 



(10.14) ^/h{^dx = i''e AO^ AO^ A-- - AO"" Ae"". 

On the other hand, because of (|1U.13|) we have dO = i Yl^=i ^j^^ ^ mod 6 A T*M, so the form 
9 A dO^ is equal to 

(10.15) n!i"ei...e„e A 0^ A A • • • A ^ A 0" = n!i"(-l)''0 A A 0^ A • • • A ^ A ^ . 
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Therefore, we get the following global formula for the volume form, 

(-1)^ 



(10.16) JhlxSdx = ^-^e Ade"". 

nl 

In particular, we see that the volume form depends only on 9 and not on the choice of the Levi 
metric. 

Definition 10.1. The pseudohermitian volume of{M,9) is 

(10.17) YoleM = ^^^[ ^Adr. 

Jm 

We shall now relate the asymptotics 1)9. 3() for the Kohn Laplacian and the Tanaka sublaplacian 
to the volume volg M. To this end consider the Heisenberg group IHI^"^-'^ = M x M^*^ equipped with 
the standard left-invariant basis of {^2"-+^ given by 

For ;U G C let £^ denote the Folland-Stein sublaplacian, 
(10.19) = + . . . + X|J - i/xXo. 

The Rockland condition for jO^j, reduces to n ^ ibn,±(n + 1),... (see |FSlj . |BGj . |Tay| ), so in 
this case the operator is hypoelliptic. Moreover, when ^ ^ in, ib(n + 1), . . . the heat operator 
Cfj^+dt is also hypoelliptic and admits a unique fundamental solution since its symbol is an invertible 
Volterra-Heisenberg symbol (see |BGSj ). 

In the sequel it will be convenient to use the variable x' = {xi, . . . , X2n)- 

Lemma 10.2. For |3f?^| < n the fundamental solution of + dt is given by 



(10.20) k,{xo,x',t) = x(t)(27rt)-("+i) T e^^-'^^^o-.^^ {-^T eM-^.-^Wl'Ho- 

smh^o zrtanh^o 

where xi^) denotes the characteristic function o/(0, oo). 

Proof. The fundamental solution k^{xo, x' ,t) is solution to the equation, 

(10.21) (£^ + dt)k{xo, x', t) = 5{xq) ® 6{x') ® 5{t). 

Let us make a Fourier transform with respect to xq. Thus, letting /c(Co) a;', t) = kxQ^^(^{£,o, x' , t), the 
equation (|1().21|) becomes 

(10.22) {Co + /u^o + dt)k^ = 6ix') S{t), 

(10-23) Co = -- Y^ig^ - i^n+jCof - 2 T^i-Q^ + '^J^of- 

i=i i=i 

Notice that if we fix we have Cq = ^i^A(eo)' where Ha{^o) = - Ej=i(^j - HkLi M^o)jkXk)'^ 
is the harmonic oscillator associated to the real antisymmetric matrix. 



(10.24) A{^o) = Co J, J 



-In 

In 
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Therefore, the fundamental solution of Cq + + dt is given by a version of the Melher formula 
(see [njj, [£31 p. 225]), that is, 

(10.25) /, t) = ,(t)(2.r" « ) 

A solution of (|1().22|) is now given by k^{^Q,x' ,t) = e~'^^°^kQ{S,o,x' ,t). Moreover, as we have 

(10.26) |/io(eo,^',t)| <vr-"|eore-*"l««l, 

we further see that for < n the function e~^'^^°ko is integrable with respect to ^o- Since 

k^{xo, x', t) is the inverse Fourier transform with respect to of k^{(,o, x', t) it follows that we have 

(10.27) k,{xo,x\t) = x(t)(2vrt)-("+i) T e**-^-o&-MCo(_^)n exp[-l-A^|xf ]dCo. 

J-oo smh^o 2ttanh4o 

The lemma is thus proved. □ 
Next, for < n we let 

1 /'2~'i — (n+l) fOO p 

Lemma 10.3. Let A : C°°(M, <?) — > C°°(M, <?) 6e a selfadjoint sublaplacian which is bounded from 
below and assume there exists ^ E {—n, n) such that near any point of M there is an admissible 
orthonormal frame Zi, . . . , Z„ of Ti^ with respect to which A takes the form, 

n 

(10.29) A = — y~^(ZjZj + ZjZj) — ifiXQ + lower order terms. 
Then as X ^ co we have 

(10.30) iV(A; A) ~ rkf (vol^ A/)A"+^ 

Proof. Let Zi, . . . , Z„ be a local admissible orthonormal frame of Ti^. Then from (|10.1() and H10.6() 
we obtain 

(10.31) [Zj,Zk] = -Lg{Zj, Zk)Xo = -iejSjkXo mod Ti^o © 7b,i. 
In addition, we let Xi, . . . , X2n be the vector fields in H such that 

(10.32) Z, = I f;^^- - for J = 1, . . . , n - K, 

■^1^ ^{Xn+j - tXj) for J = n - K + 1, . . . , n. 

Then Xi, . . . , Xq is a local frame oi H = 'R{Tifl © ^o^i) and from 1)10. 31() we get 

(10.33) [Xj,Xn+k\ = -2djkXo mod H, 

(10.34) [Xo ,Xj] = [Xj , Xk] = [Xn+j , Xn+k] = mod H. 
Moreover, in terms of the vector fields Xi, . . . , X2n the formula (|10.29|1 becomes 

(10.35) A = -^{^i + • • • + X^J + ifiXo + lower order terms. 

Combining this with (|10.12|) shows that the condition (|4.57|) for A, is given in terms of the eigen- 
values of |L| = 1 and becomes 

(10.36) n^{±{n + k); k = 0,1,2, .. .}. 
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Since by assumption we have fi S (— n,n), the condition H4.57() is fulfilled at every point, so by 
Proposition 16.231 the principal symbol of A + dt is an invertible Volterra-Heisenberg symbol. This 
allows us to apply Theorem l9.1l to deduce that as A — > oo we have 

(10.37) A^(A;A) ~ zyo(A)A"+\ 

where fo(-P) is given by 1)9. 3|) . 

Let us now work in Heisenberg coordinates centered at a point a £ M related to a local i7-frame 
Xq, Xi, . . . , X2n as above. Because of H10.34() the model vector fields of Xq, . . . , X2„ at a are 

(10.38) XS^l-. X» = ^ + .„,,^, X.t,, = ^-.,A, i<,<„. 

These are the vector fields ()10.18|) . so in the Heisenberg coordinates GaM agrees with the Heisenberg 
group H^""'"^. In addition, using H10.35|) we see that the model operator of A is 

(10.39) A'^ = -\i{X-f + ... + {X-^f) - i^xo = C,. 

Since ^ S {—n, n) it follows that A satisfies the Rockland at every point. On the other hand. 



0- 



since we are in Heisenberg coordinates we have Xj{Qi) = In particular, we have 0(0) = dxi 
Moreover, as de{X,Y) = -0{[X,Y]) we deduce from H1().34|l that 

(10.40) de{Xj,Xn+k) ='25jk and de{Xj,Xk) = 

for j = 0, 1, . . . , n and /c = 1, . . . , n. It then follows that d9{Q) = 2 X]j=i '^^j ^ dxn+j- Therefore, 
the volume form is given by 

(10.41) , & A ^6*^(0) = (-l)''dxo A dxi A dxn+i A . . . A dx„ A dx2n- 
n!2" 

Note also that because of ()10.32() the orientation of M is that given by i^XqAZiAZiA. . .AZ„AZ„ = 
(—1)^^X0 A Xi A Xn A . . . Xn+i A X2n- Therefore, at x = the volume form of M is in the same 
orientation class as {—l)'^dxo A dxi A dxn+i A ... A dxn A dx2n- In terms of density, together 
with (|1().41|) . this means that we have 

(10.42) t^g^de^{0) = dx\,=o. 

All this shows that in the above Heisenberg coordinates the volume form and the model operator 
of A have normal forms in the sense of Proposition 19.41 with po = 1 and Pq = C^® l^r. Therefore, 
we may apply ()9.16() to get 

(10.43) uo{A) = uo{C^0lcr) [ ^^eAde^ = iJo{C^,)Tk£vo\eM,. 
where uo{C^) = j^^^rpy kfiiO, 0, 1) = J^(/i). The lemma is thus proved. 

□ 

We are now ready to relate the asymptotics (|9.3|) for the Kohn Laplacian to the pseudohermitian 
volume of M. 

Theorem 10.4. Let : C°°(M, A*-*) C°°(M, A*'*) be the Kohn Laplacian on M associated to 
a Levi metric on M . Then for p,q = 1, . . . , n, with q ^ k and q ^ n — k, as A —> 00 we have 

(10.44) A^CDfelAP,, ; A) ~ a„,p,(vole M)A"+\ 

(10.45) an.p, = ^h (""I^IC! J'^(^-2('^-^ + 2^))• 



2n+l \pl \ k J \q-k 

max(0,(j— K)<fe<min(g,n— k) 
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Proof. As M is K-strictly pseudoconvex the y(g)-condition reduces to q ^ {K,n — k}, so in this case 
O^''^ has an invertible principal symbol. Since Df, is a positive it follows from Theorem 19. II that as 
A — > oo we have 

(10.46) iv(n^'^;A)~i.o(nr)^""''- 

It then remains to show that I'oi^b) = OnKpq volg M with annpg given by ()1U.45() . 

Let {^0) ^j} be a local admissible orthonormal frame of TqM and let {6, 9^ ,0^} be the dual 
coframe of T^M. For ordered subsets J = {ji, . . . ,jp} and K = {ki, . . . , kg} of {1, . . . , n} with 
ji < . . . < jp and ki < . . . < kg we let 

(10.47) e-^'^ = ^Ji A . . . A AO'^' A ... AO'^". 

Then {6'^'^} form an orthonormal frame of A*'* and, as shown in |B(t| Sect. 20], with respect to 
this frame on (p, g)-forms takes the form, 

(10.48) ^b\/^p,q = diag{n j^} + lower order terms, 

(10.49) = -\ (^i^^- + ^J-^^) + I Et^J'^i] - ^ Et^^'^il- 

l<j<n jeK ji^K 

Moreover, using (|1().:^1|) we see that the leading part of Ojk is equal to 

(10.50) -- Y {ZjZj + ZjZj)--HKXo, f^K = - 

l<j<n jeK j^K 

Notice that since ej = 1 for j = 1, . . . , n — k and ej = —1 for j = n — k + 1, . . . , n we have 
UK £ [—'n, n] and fix = if, and only if, we have K = {1, . . . , n — k} or K = {n — k + 1, . . . , n}. 
Thus if I -fir I = q with q {k, n — k} then Dj/f is two times a sublaplacian of the form H10.29() with 
M = M-ftT in {—n, n). 

On the other hand, complex conjugation is an isometry, so from the orthogonal splitting 1)10.4(1 
we get the orthogonal splitting Tq^i = T^^-^ © T^-^ with T^^ = T^q. By duality these splittings give 
rise to the orthogonal decompositions, 

(10.51) A^'O = A^° © Ah', AO'I = A^^ © A°_;\ 

(10.52) AP''^ = A^''^'^ A?''''''^ = AP'° A (A^j:^)'^ A (A°'^)«-^ 

max{0,(ji— K)<fc<min((ir,n— k) 

Since (|10.48|) and (|10.49() show that is scalar modulo lower order terms, on A^''^ we can write 

(10.53) = ^ Dp.gk + lower order terms, Dpgt = UpgkObUpgk, 

max(0,(j'— /t)<fc<min(g,n— k) 

where Hp-gk denotes the orthogonal projection onto A^''^'^. In particular, as fo(n^'^) depends only 
on the principal symbol of □^''^ we get 

(10.54) uo{a^^,J= MOp;,k). 

max(0,g— K)<fc<min{g,n— ft) 

We are thus reduced to express each coefficient i/o(np;gfc) in terms of vol^M. 
Next, if 9'^^ is a section of A^''?''^ then we have 

(10.55) #Kn{l,...,n- k} = k, #K n {n - n + 1, . . . ,n} = q - k, 

(10.56) ^K^nil,...,!!- k} =n- K-k, i^K" D {n - k + 1, . . . ,n} = k - q + k, 
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from which we get = k — (q — k) — [{n — k — k) — (k — q + k)] = n + 2q — 2k — Ak. Combining 
this with H1U.48|) - (|1U.5U|) then gives 

(10.57) ^p-qk = — 2 ^^j^j ~^ ^j^i) — - {n + 2q — 2k — 4/c)Xo + lower order terms. 

We are now in position to apply Lemma llU. 31 to 2np-gfc to get 

(10.58) i/o(np;gfc) = 2-("+i)z.o(2np;gfc) =2-("+^)(rkAP'^''=)z.(n + 2(7-2K-4A;).voleM 

1 f n\ f n — k\ f K \ , 

v{n + 2q-2K- 4/c). volg M. 



2"+i \pj\ k J \q-k 
Combining this with H10.46() and ()lU.54p then shows that as A — > cxd we have 

(10.59) iV(nfe|^,,,; A) ~ a„,pg(vole Af)A"+\ 

with OriKpg given by (|l().45j) . The proof is thus achieved. □ 

We now turn to the horizontal sublaplacian on (p, g)-forms. 

Theorem 10.5. Let : C°°(M, A*'*) C°°(M, A*'*) be the horizontal sublaplacian associated 
to the Levi metric on M . Then for p,q = 1, . . . ,n, with {p, q) ^ {K,n — k) and {p, q) {n — k, k), 
as A —> cxD we have 

(10.60) iV(Ab|^,,,; A) ~ /3„p,(vole M)A"+\ 

(10.61) /s„.„= E ("r)C-,)("r)C^)-<^<'-''>+^('-'* 

max(0,p— K)<i<min(p,n— re) 

Proof. Thanks to 1)3. 11|) we know that we have 

(10.62) Ab = n6+n6, 



where denotes the conjugate operator of that is = Dfea, or equivalently the Laplacian 
of the 9b-complex. 

As in (|l().52j) we have orthogonal splittings, 

(10.63) AP'^= p^pM^ ^vM,k^ 

max(0,p— K)</<min(p,n— re) max(0,g— K)<fc<min(q,n— re) 

max(0,p— K)<i<min(p,n— re) 

(10.64) AP'''« = (A^°)' A (Ai:°)P-' A A"''?, AP'^'''''^ = AP'''° A AP'''°. 

Since is a scalar operator modulo lower order terms, the same is true for and A;,. Therefore, 
on A*'''' we can write 

(10.65) Dfe = ^ ^p,l;q + lower order terms, "^pM = ^p,l;q^b^pM^ 

max(0,p— re)<i<min(p,n— re) 

(10.66) Ab = ^ \,i;q,k + lower order terms, \,i,q,k = '^p,i;q,k^b^p,i;q,ki 

max(0,g— K)<fc<min(g,n— re) 
max(0,p— K)</<min(p,n— re) 

where Hp ^.g and Iip,i-q^k denote the orthogonal projections onto A^''''^ and M'^''^'^ respectively. In 
particular, as in ()10.67() we have 

(10.67) z.o(Ab|^,J= M\,i;q,k)- 

max{0,(j'— K)<fc<min(g,n— re) 
max(0,p— re)<i<min(p,n— re) 
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Next, let {Xq, Zj, Zj} be a local admissible orthonormal frame for TqM. Since □p,i;q = Oq;p,h 
using (|1U.57|) we see that on A*'''"'' we have 

(10.68) Hp^i-g = ^ (ZjZj + ZjZj) + ^(n + 2p - 2k - 4^X0 + lower order terms. 

i<j<" 

Therefore, on A^''''^'*^ we can write 

(10.69) Ap^i-g^k = □p;q,fc + Op^i-g 

= i^j^j + ^j^j) ~ ^(2(9 — p) + 4(Z — k))XQ + lower order terms. 

Thanks to ()1U.69() we can apply Lemma [10.31 to get 



(10.70) M\,i;,,k) = ikAP'^-^'^M'^iQ -P) + 4(Z - k)) vole M 

I v{2{q -p)+ 4(/ - k)) vole M. 



n — K \ I K \ I n — K \ I K 
I )[p-l)\ k )[q-k 
Combining this with H10.67() then shows that as A ^ 00 we have 

(10.71) N{Ab; A) ~ /3„p,(vol, M)A"+\ 

with PriKpq given by (|10.61|) . The theorem is thus proved. □ 

Finally, we deal with with the conformal powers of the horizontal sublaplacian. 
Theorem 10.6. Assume that M is strictly pseudoconvex (i.e. k = 0) and for k = 1, . . . ,n + 1 let 
|T]W . (700 (jvf) C°°{M) be a k'th conformal power of acting on functions. Then as X —>■ 00 
we have 

(10.72) N{[I]f^;X) ~ z^(0)(voleM)A'^^. 

(k)\ (k) 

Proof. Since I'oi^Q ) depends only on the principal symbol of , which is the same as that of 
A^, we have fo([Ilg'^^) = fo(^b)- Therefore, using Theorem 110.51 we see that as A —> 00 we have 

(10.73) iV(ai'\A) ~ iV(A,^ A) = N{Ab;X)T^ ~ /3„ooo(vol, M)A'^^. 

Since /3nOOO = 2"z^(0) the result follows. □ 

11. Weyl asymptotics and contact geometry 

In this section we express in more geometric terms the Weyl asymptotics for the horizontal 
sublaplacian and the contact Laplacian on a compact orientable contact manifold (M^""'"^,^). 

We let H = kevO and let Xq be the Reeb fields associated to 9, so that ix^dO = and ix^^O = 1. 
Since M is orientable H admits a a calibrated almost complex structure J £ C°° (M, End i/) , 

= —1, so that for any nonzero section X of H we have d6{X, JX) = —d9{JX, X) > 0. We then 
endow M with the orientation defined by 9 and the almost complex structure J, so that we have 
9 A d9^ > 0, and with the Riemannian metric, 

(11.1) ge = d9{.,J.) + 9\ 

A local orthonormal frame Xi, . . . , X2n of H will be called admissible when we have = JXj 

for j = 1, . . . ,n. If 9^, ... , 9"^^ denotes the dual frame then we have d9 = 9^ A 9"^^^ ., so the 

volume form of gg is equal to 

(11.2) 9^ A A . . . A r A ^ ^ ^ }_ ,0n ^ Q_ 

In particular, the volume form is independent of the choice of the almost complex structure and 
depends only on the contact form. 
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Definition 11.1. The contact volume of{M'^'^~^^,9) is given by 

(11.3) voleM = 4 / dr A0. 

Lemma 11.2. Let A : C'^{M,S) — > C°°{M,£) be selfadjoint sublaplacian such that A is bounded 
from below. We further assume that there exists ^ G (— n, n) so that near any point of M there is 
an admissible orthonormal frame Xi, . . . , X2n of H with respect to which A takes the form, 

(11.4) A = - {Xf + . . . + X|„) - i^Xo + lower order terms. 
Then as A —> oo we have 

(11.5) iV(A; A) ~ 2^"zy(/i) rk£:(vole M)A"+^ 

Proof. Let Xi, . . . , X2n be a admissible local orthonormal frame and for j = 1, . . . ,2n let Xj = 
\f2Xy Then Xq, X\^ . . . , is a local //-frame of TM with respect to which A takes the form, 

(11.6) A = — -(X^ + . . . + X|„) — iiJ,{x)XQ + lower order terms. 

Moreover, for j. A; = 1, . . . , 2n we have 

(11.7) 9{[Xj, JXk]) = -2d9{Xj, JXk) = -2ge{Xj,Xk) = -2b^k. 
Therefore, for j, = 1, . . . , n we get: 

(11.8) \XyXn+k\ = -25jfeXo mod 

(11.9) [Xo, Xj\ = [X,, Xfc] = [X„+„ X„+fe] = mod U. 

The equalities H11.6() - ()11.9() are the same as H10.33() -( |10.35p in the case k = 0. Therefore, along 
the same lines as that of the proof Lemma 111). 31 we get 

(11.10) z.o(A) = 4^/ Ae = 2-MM)voleM. 

Combining this with Theorem 19 . 1 1 then proves the asymptotics ()11.5|) . □ 

Theorem 11.3. Let Ab : C°^{M,A*^H*) C°°{M,A}.H*) be the horizontal sublaplacian on M 
associated to the metric gg above and assume k ^ n. Then as X ^ oo we have 

(11.11) iV(A,| ;A)~7nfc(voleM)A"+i, 7nfc = 2"" J] ('^V^V(p-g). 

Proof. As explained in Section |21 the almost complex structure of H gives rise to an orthogonal 
decomposition A.^H* = ©p_(_q=/j A^''^. If Xi, . . . , X2n is a local admissible orthonormal frame of H 
then, as shown by Rumin (Rut Prop. 2], on A^'"? the operator A;, takes the form, 

(11.12) Afo = -{Xf + ...+ X|„) + i{p - q)Xo + lower order terms. 

where the lower order part is not scalar. Therefore, modulo lower order terms, A;, preserves the 
bidegree. We thus may write 

(11.13) Afe| ^ ^ = 2, Ap_g + lower order terms, Ap^g = Hp^gAhUp^q, 

p+q=k 

where Ilp^g denotes the orthogonal projection of A^H* onto A^'*?. In particular, we have 

p+g=k 
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Moreover, since Ap^g takes the form pi.l2j) with respect to any admissible orthonormal frame 
of we may apply Lemma lll.2l to get 



(11.15) 




Combining this with (|11.14|) then gives the asymptotics (|ll.llj) . □ 
Finally, in the case of the contact Laplacian we can prove: 

Theorem 11.4. Let Ar : C°°(M, A* A"^) C°°(M, A* A"^) be the contact Laplacian on M. 

1 ) For k = 0, . . . , 2n with k ^ n there exists a universal constant Vnk > depending only on n 
and k such that as X ^ oo we have 

(11.16) ^(Afli^J ~ iynkMeM)X^+\ 

2) For j = 1,2 there exists a universal constant > depending only on n and j such that as 
\ ^ CO we have 

(11.17) iV(AR|^J ~ ^.(^■)(voleM)A^. 

3 

Proof. Let a £ M and consider a chart around a together with an admissible orthonormal frame 
Xi , . . . , of H. Since Xq, Xi , . . . , X2n form a i?-frame this chart is a Heisenberg chart. Moreover, 
as shown in the proofs of Lemma llU.31 and Lemma lll.2l the following hold: 

(i) We have Xj, where Xq,...,X2„ are the left-invariant vector fields H1U.18|) on ]HI^"+-'^. In 
particular, we have GaM = H^"""*"^ and Ha = LLq, where Hq denotes the left-invariant Heisenberg 
hyperplane bundle of H^"'*'"^. 

(ii) We have (9(0) = dxo = 6*0(0) and de{0) = 2 X^"^^ dx^ A dxn+j = d6l°(0), where 6*° = dxo + 
Yl^=i{^jdxn+j — Xn+jdxj) is the standard left-invariant contact form of 11^"+-'^. 

(iii) The density on M given by the contact volume form A dO'"" agrees at x = with the 
density dx on M'^+-'^. 

On the other hand, for A; = 0, 1, . . . , 2n the fiber at a of the bundle A^ depends only on Ha and 
on the values of 9 and dO at o. Therefore, it follows from the statements (i) and (ii) that in the 
Heisenberg coordinates centered at a the fibers at x = of the bundles A* A" of M and H^'^"'"^ 
agree. 

Next, let A^j denote the contact Laplacian on 7^^"+^. Then we have: 

Lemma 11.5. In the Heisenberg coordinates centered at a the model operator A^ agrees with A^. 

Proof of the lemma. First, note that in view of the formulas H3.23() - (|3.27|) for A/j and of Proposi- 
tion 14.291 and Proposition 14.301 we only have to show that in the Heisenberg coordinates centered 
at a the model operators and -D^ agree with the operators d^j and on H^""*"^. 

Let 0^, . . . , 0^" be the coframe of H* dual to Xi, . . . , X2n- This coframe gives rise to a trivializa- 
tion of A^H* in the chart with respect to which we have db = Yl'j=i £{9^)Xj. Furthermore, since 
Xj{<S) = ^ we have Oj{Q) = dxj, so the model operator of dfe is = Yl'j=i — d^, where 

d^ is the dfc-operator on H^""'"^. In particular, as for A; = n -|- 1, . . . , 2n we have dji = d^ on A'^, we 
getdl = dl = dl = d% 

On the other hand, as shown in 'Ru for k = 0, ...,n — 1 we have = d^ on A'^. Thus 
{d\)* = {d\Y = {dlf = {dlf = {dlY = (4)*, which by taking adjoints gives d%^ = d% 

Finally, it is proved in |Ruj that Dr = Xq + dbe{d6)*di, on A". Therefore, we get = 
Xg + dl{e{def)*dl = X^ + dleidO^fdl = D% The proof that A^ = A^j is thus complete. □ 
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Thanks to the statements (i) and (iii) and the claim above we may apply Proposition l9.4l Letting 
KQ{x,t) be the fundamental solution of A^j + dt we then obtain: 

- For k = 0, . . . , 2n, with A: 7^ n, as A — > cxd we have 

(11.18) iV(A^uJ ~ z.„fc(vol,M)A"+\ = ^^^^tr^M^ouJO'l)- 

- For j = 1, 2 as A — > 00, we have 

(11.19) A^(A^|^J ~ z.„,,(voleM)A^, i/^) = 2-"r(l + !i±i)-i tr^„.o i^ol „o(0, !)• 

In particular, the constant Vnk (resp. Vn"*) depends only on n and k (resp. n and j), hence is a 
universal constant. Furthermore, Theorem 19. II implies that Unk and are positive numbers. □ 
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